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Introduction

Why Modified Gravities? Why now?

GR notably succeed in explaining observations.
Intrinsic limits of GR: existence of solutions with curvature
singularities, closed time-like loops...

— Hints that the theory had to be replaced
in some very strong field limit.

Need for a modified theory whose relevance was going to be
limited to very strong gravity phenomena.

But in the last two decades...
Cosmological constant? Current available theories of particles?
Why not a viable alternative theory of gravity?
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Introduction

A very broad variety of models!
The form of the gravitational action has been among the most
questioned.

A quantum theory of gravity requires a generalization
of the Einstein-Hilbert action.
Phenomenological interest: one might replace the scalar
curvature by some function of curvature invariants which could
then be expanded in a power series...

f(R, Ry R™ , Ropp ROPHY )N J
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Introduction

In GR spacetime geometry is fully described by the metric:
it does not only define distances, which is its primary role, but
also defines parallel transport.

However, this does not have to be a condicio sine qua non.
The metric and the connection can be independent quantities.

Metric variation = Palatini approach
WARNING!

The matter action still does not depend on the connection!!!
MAG: the independent connection is allowed to enter in the
matter sector of the Lagrangian
(e.g. Einstein-Cartan theory).
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Introduction
Both standard metric and Palatini variations of EH action lead to
equivalent systems of field equations.

For more general actions, this is not true anymore!
Widely studied example: f(R) theories of gravity

1
S= ﬁ / dX4V _gf(R) + SM(w7g/u/)
P
- metric field equations
F'(R)Ruy — 3 (R)&uy + (8D — VuVy) F'(R) = £ Ty
- Palatini field equations

F(R)R(uw) — 3F(R)8uv = K Ty
Via(v—gf'(R)g") =0
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Introduction

Both are metric theories in the sense that
i) gravity is associated to a symmetric tensor (the metric),
ii) the response of matter and fields to gravity is described by
V,TH =0.
In any case, the two theories are not equivalent.

The a priori independent connection in Palatini f(R) gravity does
not carry any dynamics: it is an auxiliary field that can
algebraically eliminated.

Palatini f(R) dynamically equivalent to Brans-Dicke theory with
wo = —3/2 (a particular class in which the scalar field doesn't
add any new dynamics).




rA

Eliminating the (symmetric and not) connection in Palatini
m =

J

1 g
=Pl + 35 [28(uf’5,’,\) g gwagf’}
F(R)R — 2f(R) = kT

The algebraic equation can be generically solved to give R(T).
Some exceptions: f o< R?, no root of the equation...
Cook everything into the expression of I...
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The covariant derivative of the connection '?,,, acting on a
tensor is defined as

V#AVO' = BMAVU + rVa;l.Aaa - raay.AVa

The antisymmetric part of the connection is commonly referred
to as the Cartan torsion tensor
S

A A
- =) J
The failure of the connection to covariantly conserve the metric ]

is measured by the non-metricity tensor

Q)\;u/ = _v)\g;tu
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Actions which contains higher order curvature invariants

More general Palatini

1
S=45 / dx*/=gf(R, RuwR") + Sm(¥, guv)
P

The Ricci tensor is given in term of the connection as
Ruw =0T, — 0T x4+ T, — T, 170

and for simplicity the connection is assumed to be symmetric

1
rpaﬁ = paﬁ} + Eg” [Qapr + Qar — Qrasl

For a symmetric connection, it is still possible that

Riag) = =04 = —2V[3Qq




Easiest case: S = % [dx*/=g [R + 2R, (aR™ + bR¥M)]
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Easiest case: S = % [dx*/=g [R + 2R, (aR™ + bR¥M)]

= S=4} V=g [R + a1 R RuyRE) + 6, 12 ’R[W]R["”]]

«O>r «Fr «=>»

«E)»

DA



Easiest case: 5= % [dx*\/—g [R+ 2R, (aR" + bR"M)]
1

= S =} [ d*V=g[R+ a1 ERGuyR™ + ¢ 2 Ry RI]
Field equations

D) Riuw) — 5Reuw + 261 I3 RiapRisn&
+2¢2 I3 Riay Ripng™” = a1 R Riap R g,
—c R[aﬁ]R[""B]gW =KTu

iM) Va [\/_ (g‘“’ 124 /273(#”))]

2,1y, [\/_ RIlsv, + /—gRIVI5"

)=
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Simple but characteristic example, set ¢; = 0. The field
equations can be recast as

1
Ry

1
v ERg;w = K'FauFBugaB - Z"?FaBFaBg;w
1
+rm? ALA, — >
VuF* — m*A” =0

km? A% As gy + KT

with A, = \/|c| /(47) Qu, Fuw = 20,A,) and m* = 3/(|c21})
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Simple but characteristic example, set ¢; = 0. The field
More general Palatini equations can be recast as

1

R/l,u - 2

1
Rgy, = K FuuFp,g8%° — ZHFagFaﬁg,W
1
+xm? ALA, — 5/{ m? A7 Asguy + KT
VuF*¥ — m*A” =0

with A, = \/[c|/(47) Qu, Fuw = 20,A and m* = 3/(|c2|12)

The theory is dynamically equivalent to a theory with
Sror = Sen + Sep + Sm (¥, guv), where

1
SEP:87T/dX4\/§[ *EF;L;/F#V*H'FA“Au
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More general framework of modified gravities: metric-affine
theories. Simplest MAG: the lesson of the ECSK theory.
(L4,g) H U4SZ—0>V4HR4

More general Palatini

Preferred curves in Riemann-Cartan Uj:
autoparallel vs extremals curves.

Field equations:
Einstein tensor=kxenergy momentum
torsion=kxspin angular momentum

Invariance of a special relativistic theory of matter under
Poincaré transformation inexorably leads to Uj!
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More general Palatini

Main consequences of U, theory

No waves of torsion outside
the spinning matter distribution!
But gravitational waves produced

by processes involving spin...

U, theory predicts a new, very weak, universal spin contact
interaction of gravitational origin.

Critical mass density typically huge:
2
p=mn, s=hn/2 —p=5
To be considered in high density regimes...

Particle pair creation when the mass density reaches

the critical density p.
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Scalar field: no spin = no coupling to torsion J
More general Palatini
Maxwell and non-Abelian gauge fields:
minimally coupling to torsion = gauge symmetry breaking. J
Proca field: problem of gauge non-invariance bypassed. )
Dirac field:

Lolll = (he/2)[(Va¥)y* ¢ — 1" Vath — 2(mc/h)iy]
= Lp[{}] + Spin®Torsion

Y*Vatp + glﬁ(%w%)vs%w + (mc/h)y =0

Neutrinos: Dirac with no spin contact term. J




Generalization of metric-affine theories. J

The action will be of the following general form

S=5c+5u= /d4XV —8 [‘CG(g;w; rplw) +Lm (g;wa rp;un d})]

One needs to specify the exact form of the Lagrangian Lg.
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Generalization of metric-affine theories. J

The action will be of the following general form

S=5c+5u= /d4XV —8 [‘CG(g;w; rpﬂ,y) +Lm (gp,ua rpp,w d})]

One needs to specify the exact form of the Lagrangian Lg.

We set ¢ = 1 and choose the dimensions [dx] = [dt] = [/].
Then we have

lgi] = 1], [V=gax*] = ["],[] = 7', [Rw] = 177
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The usual Ley =R = gM" R, is at second order. Which other
terms can we write at this order?

J
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Second order action

Second order action

The usual Ley =R = gM" R, is at second order. Which other
terms can we write at this order?

The Cartan torsion tensor SW’\ has the same dimension of the
connection. Therefore, due to symmetries of torsion, the only
terms we can write are
gI“/vHSVUO'
A A Ac v
guysu)\ 51/007 g,U«VSM)\USVU ) g#agyﬁgk"/sm/ Saﬂ

This is not the end of the story: Levi-Civita curvature,
non-metricity, [ = {} +C




The dynamics of

Modified Gravity Field €q uations

Vincenzo Vitagliano

You really don't want to see them... [VV, Sotiriou, Liberati 2010,
2011] Define the stress-energy tensor and the hypermomentum as

Second order action T B 2 (SSM 2 65,\/[
T g ogh V=g,
it is possible to show that the connection can be algebraically

solved in terms of the matter fields and the metric [ ~ {} + f(A)
If put into metric field equation

ng
A)\

Gﬁy - 77u/( 7—/I,V7 AAHV7 g/w)
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You really don't want to see them... [VV, Sotiriou, Liberati 2010,
2011] Define the stress-energy tensor and the hypermomentum as

Second order action - B 2 65/\/’ A wo 2 65M
pr = T T /= 7 9 A = A
/—g og" V-8,

it is possible to show that the connection can be algebraically
solved in terms of the matter fields and the metric [ ~ {} + f(A)
If put into metric field equation

Gﬁy - 77w( 7—/1,V7 A,\HV7 g/w)

The independent connection does NOT carry any dynamics if:

e the matter action depends at most linearly on the
connection (scalar and gauge fields; fermions)

e more complicated expressions involving only first order
derivatives of matter fields




Just a taste of what we have at the next meaningful order
n
Raﬁ’yéR w\a”v \% Raﬁ’yé’
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Higher orders

Hard life with further invariants...

Just a taste of what we have at the next meaningful order...
Raﬁ'yéRuuAU’ V Vv Raﬁ’y§7 ﬁwés STw ) B’y5vps,uu
A A
S VR %5 Suw 5a5 546903 S Sag VoSas
A o o
5, VoViS,5, VS, v kSap » VuViVpS,.4

In such a case, the independent connection cannot be eliminated:
even if one discardes the obvious cases (VS)?2 or S, an action
with just the curvature invariants inevitably lead to field
equations where I's cannot be algebraically expressed in terms of
matter fields and metric

L=TR + aR/J.I_/RK,)\ (ClgquVA + C2g,u)\gl/l'i)




A rather peculiar case

S=1

4. m
16ﬂls/d xv=Z[F(R) + B*S,] + S

Exploiting field equations we get

Q P

s ={% } T (0a1'0° + 0318, — 8" gasOrf'| +

f/
RF(R) — 2f(R) = £ T(T)

A
r [aB] — “ap = gp (Aﬁ[)\a] + Aa[ﬂ)\]
Torsion is still not dynamical

— Axeg))
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For the most general action one can construct with second order
invariants the connection does not carry any dynamics and can
always be algebraically eliminated.
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For the most general action one can construct with second order
invariants the connection does not carry any dynamics and can
always be algebraically eliminated.

Conclusions

Including higher order terms in the action, the connection (or
parts of it) becomes dynamical and so, it cannot be eliminated
algebraically. The theory now propagates more degrees of
freedom than general relativity.
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For the most general action one can construct with second order
invariants the connection does not carry any dynamics and can
always be algebraically eliminated.

Conclusions

Including higher order terms in the action, the connection (or
parts of it) becomes dynamical and so, it cannot be eliminated
algebraically. The theory now propagates more degrees of
freedom than general relativity.

In f(R) actions, even though the connection does carry dynamics
in the presence of fields coupling to it, torsion remains
non-propagating. The propagating degrees of freedom reside only
in the symmetric part of the connection.




Inclusion of non-metricity terms in the action, here neglected for
sake of simplicity:

Q)‘W*Saﬂ'y*é*g*g
Q)\MU*Q'yaﬁ*g*g*g
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Inclusion of non-metricity terms in the action, here neglected for
sake of simplicity:

Q)\,uu*saﬁry*(s*g*g
Qv * Qrapxg*xg*g

MAG vs Cosmology: spinning dark matter, Weyssenhoff fluid... J
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Inclusion of non-metricity terms in the action, here neglected for
sake of simplicity:

Q)\,uu*sa,(-}’y*(s*g*g
Qv * Qrapxg*xg*g

MAG vs Cosmology: spinning dark matter, Weyssenhoff fluid... J
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