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Abstract

Quantum Cosmology tackles the quantum description of the
early universe. It is aimed as an accessible primer that covers
the basics, critically discussing ideas and concepts that
comprise our current knowledge. The scope for analyzing
quantum cosmological models within a supersymmetric
framework is pointed.
As much as possible, it summarizes what we know, what we
think we know and what we think we do not know on an equal
footing. It is focused for ‘young’, inquisitive minds eager to
embark on in-depth research in this field. It is hoped to suggest
the tools researchers will need to go on their own, pushing
them to ask the right questions rather than seek definitive
answers.
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Lectures

■ Motif (“... reasonably long ...”)
■ Settings and Dynamics
■ Cases and Results (“... reasonably accessible...”)
■ Outlook (or not so):

◆ Just SUSY (it)!
◆ ... views on routes yet unexplored!
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Motif

■ Why Quantum Cosmology (≡ QC)?
■ Contemporary cosmology:
■  new technology
■  precise chart of the universe
■ Where (and why and how) we are
■  current paradigm (under scrutiny)
■  pass all the major tests
■  inflationary [‘big bang’] scenario
■ ... And LHC ...(and Planck(?!) .. and..
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Motif

■ Realistic paradigm: generically possible!?
■  probability to occur?
■ How those perturbations arose?
■ ... beyond the scope of the inflationary paradigm.
■ Initial conditions of the universe: The issue
■ It is (really!) why crucial!
■  ways to investigate their generality.

■ E.g., φ̇ ∼ 0, a(t) ∼ e
√
V t.

■  evolution requires a choice of initial conditions
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Motif

■ Classically:
■ no guide as to how to choose
■  Additional arguments:
■ invoke quantum (cosmological) ingredients
■ probabilistic way to determine...
■ (i) “most probable” state (wave function)
■ (ii) distinctive predictive signatures.
■ Challenge in the XXIth century
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Settings

■ Formulation:
■ 3 + 1 split of the 4-dimensional spacetime;
■ spatial hypersurfaces, Σt;
■ global time parameter, t;
■

ds2 = gµνdx
µdxν = −ω0 ⊗ ω0 + hijω

i ⊗ ωj ,

■

ω0 ≡ Ndt, ωi ≡ dxi +N idt.

■

gµν =

[

−N 2 +NiN i Nj

Ni hij

]

.
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■ Intrinsic curvature tensor, (3)Ri
jkl(hmn)

■ Extrinsic curvature, Kij

■

Kij ≡ −ni;j = Γ0
ijn0 = −NΓ 0

ji =
1

2N

(

Ni|j +Nj|i −
∂hij
∂t

)

,
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Settings

■ Intrinsic curvature tensor, (3)Ri
jkl(hmn)

■ Extrinsic curvature, Kij

■

Kij ≡ −ni;j = Γ0
ijn0 = −NΓ 0

ji =
1

2N

(

Ni|j +Nj|i −
∂hij
∂t

)

,

■ General Relativity [Einstein–Hilbert]
■

S =
1

2k2

[
∫

M
d4x
√−g

(

4R− 2Λ
)

+ 2

∫

∂M
d3x
√
hK

]

+Smatter,
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Settings

■ Intrinsic curvature tensor, (3)Ri
jkl(hmn)

■ Extrinsic curvature, Kij

■

Kij ≡ −ni;j = Γ0
ijn0 = −NΓ 0

ji =
1

2N

(

Ni|j +Nj|i −
∂hij
∂t

)

,

■ General Relativity [Einstein–Hilbert]
■

S =
1

2k2

[
∫

M
d4x
√−g

(

4R− 2Λ
)

+ 2

∫

∂M
d3x
√
hK

]

+Smatter,

■ k2 ≡ 8πG = 8πM−2
Planck, K ≡ Ki

i, g ≡ det gµν , h ≡ dethij .
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■ (ADM) Towards Hamiltonian:
■

S ≡
∫

dt L =
1

2k2

∫

dtd3xN
√
h
(

KijK
ij −K2 + (3)R− 2Λ

)

+Smatter.
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■ (ADM) Towards Hamiltonian:
■

S ≡
∫

dt L =
1

2k2

∫

dtd3xN
√
h
(

KijK
ij −K2 + (3)R− 2Λ

)

+Smatter.

■ Canonical momenta:
■ π0 ≡ δL/δṄ = 0, πi ≡ δL/δṄi = 0

πij = −
√
h

2k2

(

K(ij) − hijK
)

, πφ =

√
h

N
(

φ̇−N iφ,i

)

.
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■ (ADM) Towards Hamiltonian:
■

S ≡
∫

dt L =
1

2k2

∫

dtd3xN
√
h
(

KijK
ij −K2 + (3)R− 2Λ

)

+Smatter.

■ Canonical momenta:
■ π0 ≡ δL/δṄ = 0, πi ≡ δL/δṄi = 0

πij = −
√
h

2k2

(

K(ij) − hijK
)

, πφ =

√
h

N
(

φ̇−N iφ,i

)

.

■  Primary constraints
■ Subsequently,
■

S =

∫

dtd3x
(

πij ḣij + πφφ̇−NH⊥ −N iHi

)

,
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■ (ADM) Towards Hamiltonian:
■

S ≡
∫

dt L =
1

2k2

∫

dtd3xN
√
h
(

KijK
ij −K2 + (3)R− 2Λ

)

+Smatter.

■ Canonical momenta:
■ π0 ≡ δL/δṄ = 0, πi ≡ δL/δṄi = 0

πij = −
√
h

2k2

(

K(ij) − hijK
)

, πφ =

√
h

N
(

φ̇−N iφ,i

)

.

■  Primary constraints
■ Subsequently,
■

S =

∫

dtd3x
(

πij ḣij + πφφ̇−NH⊥ −N iHi

)

,

■ or instead,
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Settings

■

H ≡
∫

d3x
(

π0Ṅ + πiṄi + πij ḣij + πφφ̇
)

− L

=

∫

d3x
(

π0Ṅ + πiṄi +NH⊥ +NiHi
)

, (1)
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Settings

■

H ≡
∫

d3x
(

π0Ṅ + πiṄi + πij ḣij + πφφ̇
)

− L

=

∫

d3x
(

π0Ṅ + πiṄi +NH⊥ +NiHi
)

, (1)

■ with

H⊥ ≡ 2k2Gijklπijπkl −
√
h

2k2

(

(3)R − 2Λ
)

+Hmatter
⊥

= 2k2h−
1
2

(

πijπij −
1

2
π2

)

− h
1
2 (3)R

2k2

+
1

2

√
h

[

π2
φ

h
+ hijφ,iφ,j + 2V

]

, (2)

Hi ≡ −2πij
|j + hijφ,jπφ, (3)
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■ ... it is becoming interesting and interesting...
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Settings

■ ... it is becoming interesting and interesting...
■ Take notice:

Gijkl =
1

2
h−1/2 (hikhjl + hilhjk − hijhkl)

is the DeWitt metric; But of ‘what’?
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■ Fundamental feature:
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■ Hamiltonian constraint, H⊥ = 0,
■ momentum constraint, Hi = 0.
■ lapse and shift functions constitute Lagrange multipliers.
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■ Fundamental feature:
■  Hamiltonian becomes a sum of constraints;
■ Hamiltonian constraint, H⊥ = 0,
■ momentum constraint, Hi = 0.
■ lapse and shift functions constitute Lagrange multipliers.
■  secondary constraints
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■ Dirac’s Superspace:
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■ Dirac’s Superspace:
■ Einstein equations
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■ Dirac’s Superspace:
■ Einstein equations
■  varying NH⊥ +NiHi = 0
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■ Dirac’s Superspace:
■ Einstein equations
■  varying NH⊥ +NiHi = 0

■  eliminate non-dynamical degrees of freedom
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■ Dirac’s Superspace:
■ Einstein equations
■  varying NH⊥ +NiHi = 0

■  eliminate non-dynamical degrees of freedom
■  yielding only two (hij , π

ij) at each space point.
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■  varying NH⊥ +NiHi = 0

■  eliminate non-dynamical degrees of freedom
■  yielding only two (hij , π

ij) at each space point.
■ (the gravitational) Superspace S

■  Riemannian 3-metrics; matter configurations; Σt,
■ related to each other by a spatial diffeomorphism,
■ Metric from the DeWitt metric:

GXY (x) ≡ G(ij)(kl)(x), X, Y ∈ {h11, h12, h13, h22, h23, h33}
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■ Dirac’s Superspace:
■ Einstein equations
■  varying NH⊥ +NiHi = 0

■  eliminate non-dynamical degrees of freedom
■  yielding only two (hij , π

ij) at each space point.
■ (the gravitational) Superspace S

■  Riemannian 3-metrics; matter configurations; Σt,
■ related to each other by a spatial diffeomorphism,
■ Metric from the DeWitt metric:

GXY (x) ≡ G(ij)(kl)(x), X, Y ∈ {h11, h12, h13, h22, h23, h33}

■ full superspace: matter degrees of freedom Gφφ(x).
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■ General Relativity: 3-geometry in a time-like direction,
■  geodesic trajectory in superspace
■  H⊥ = 0 an equation of motion for hij

■ Canonical quantisation:
■ wavefunction of the universe, Ψ[hij , φ],
■ The canonical momenta operators

πij → −i δ

δhij
, πφ → −i

δ

δφ
, π0 → −i δ

δN , πi → −i
δ

δNi
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■ Annihilated by the operatorial constraints:
■ primary constraints: Ψ is independent of N and N i,
■ π0Ψ = −iδΨ/δN = 0, πiΨ = −iδΨ/δNi = 0

■ (secondary) momentum constraint ⇓
■ HiΨ = 0⇒ −2i [δΨ/δhij]|j =

√
hk2T⊥iΨ,
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■ Annihilated by the operatorial constraints:
■ primary constraints: Ψ is independent of N and N i,
■ π0Ψ = −iδΨ/δN = 0, πiΨ = −iδΨ/δNi = 0

■ (secondary) momentum constraint ⇓
■ HiΨ = 0⇒ −2i [δΨ/δhij]|j =

√
hk2T⊥iΨ,

■ Hamiltonian constraint:

H⊥Ψ =

[

−2k2Gijklδ2/δhijδhkl +
√
h

2k2

(

−(3)R+ 2Λ + 2k2T⊥⊥
)

]

Ψ = 0,
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■ Annihilated by the operatorial constraints:
■ primary constraints: Ψ is independent of N and N i,
■ π0Ψ = −iδΨ/δN = 0, πiΨ = −iδΨ/δNi = 0

■ (secondary) momentum constraint ⇓
■ HiΨ = 0⇒ −2i [δΨ/δhij]|j =

√
hk2T⊥iΨ,

■ Hamiltonian constraint:

H⊥Ψ =

[

−2k2Gijklδ2/δhijδhkl +
√
h

2k2

(

−(3)R+ 2Λ + 2k2T⊥⊥
)

]

Ψ = 0,

■

T⊥⊥ = − 1

2h

δ2

δφ2
+

1

2
hijφ,i φ,j +V (φ),
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■ Annihilated by the operatorial constraints:
■ primary constraints: Ψ is independent of N and N i,
■ π0Ψ = −iδΨ/δN = 0, πiΨ = −iδΨ/δNi = 0

■ (secondary) momentum constraint ⇓
■ HiΨ = 0⇒ −2i [δΨ/δhij]|j =

√
hk2T⊥iΨ,

■ Hamiltonian constraint:

H⊥Ψ =

[

−2k2Gijklδ2/δhijδhkl +
√
h

2k2

(

−(3)R+ 2Λ + 2k2T⊥⊥
)

]

Ψ = 0,

■

T⊥⊥ = − 1

2h

δ2

δφ2
+

1

2
hijφ,i φ,j +V (φ),

■ Wheeler–DeWitt equation
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■  H⊥ ∼= 0 and Hi ∼= 0,
■ The Wheeler–DeWitt equation constitutes a second-order

functional differential equation on superspace, i.e., one
differential equation at each point, x ∈ Σt.
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■ Strictly speaking:
■  H⊥ = 0 and Hi = 0

■  H⊥ ∼= 0 and Hi ∼= 0,
■ The Wheeler–DeWitt equation constitutes a second-order

functional differential equation on superspace, i.e., one
differential equation at each point, x ∈ Σt.

■ ...related to generating both time coordinate transformations
as well as the dynamical evolution from the initial
hypersurface Σt;

■ It is an hyperbolic operator and this prevents the usual
probabilistic interpretation (of quantum mechanics) to be
straightforwardly used.
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■ Displays the symmetry properties of the system
■ SUGRA: preparation; elements to introduce and explore
■ Basis:
■  normal n→ nµ to the surface
■  three vectors ei → eµi, tangent to the surface
■ ( triad of spatial basis vectors),
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■ Algebra:
■  gauge theory
■  secondary constraints
■  first class constraints
■ A set of generators for gauge transformations
■ Displays the symmetry properties of the system
■ SUGRA: preparation; elements to introduce and explore
■ Basis:
■  normal n→ nµ to the surface
■  three vectors ei → eµi, tangent to the surface
■ ( triad of spatial basis vectors),
■ basis tetrad altogether, such that nµnµ = −1, nµe

µ
i = 0,

eµieµj = hij ,
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■ ADM deformation (δξµ) connecting surface Σµ to Σ′µ;
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■  nµ as (1, 0, 0, 0) or (N , 0, 0, 0)
■  The generators of generic deformations, Hµ,
■  If the space-like surfaces are instead labelled by t,
δξµ(xi) = Nµδt,

■ Hamiltonian being given as

H =

∫

d3xNµHµ =

∫

d3x(NH⊥ +N iHi)
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■ ADM deformation (δξµ) connecting surface Σµ to Σ′µ;
■  nµ as (1, 0, 0, 0) or (N , 0, 0, 0)
■  The generators of generic deformations, Hµ,
■  If the space-like surfaces are instead labelled by t,
δξµ(xi) = Nµδt,

■ Hamiltonian being given as

H =

∫

d3xNµHµ =

∫

d3x(NH⊥ +N iHi)

■ In this basis, generators (of deformations) become
H⊥ = Hµn

µ and Hi = Hµe
µ
i,
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■  The generators of generic deformations, Hµ,
■  If the space-like surfaces are instead labelled by t,
δξµ(xi) = Nµδt,

■ Hamiltonian being given as

H =

∫

d3xNµHµ =

∫

d3x(NH⊥ +N iHi)

■ In this basis, generators (of deformations) become
H⊥ = Hµn

µ and Hi = Hµe
µ
i,

■ For Riemannian geometry...
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■ ADM deformation (δξµ) connecting surface Σµ to Σ′µ;
■  nµ as (1, 0, 0, 0) or (N , 0, 0, 0)
■  The generators of generic deformations, Hµ,
■  If the space-like surfaces are instead labelled by t,
δξµ(xi) = Nµδt,

■ Hamiltonian being given as

H =

∫

d3xNµHµ =

∫

d3x(NH⊥ +N iHi)

■ In this basis, generators (of deformations) become
H⊥ = Hµn

µ and Hi = Hµe
µ
i,

■ For Riemannian geometry...
■ ... assuming path independence:
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■

[H⊥(x),H⊥(x
′)] =

[

hij(x)Hj(x) + hij(x′)Hj(x
′)
]

δi(x, x
′),(1)

[H⊥(x),Hj(x
′)] = H⊥(x

′)δj(x, x
′), (2)

[Hi(x),Hj(x
′)] = Hi(x

′)δj(x, x
′)−Hj(x

′)δi(x, x
′), (3)
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■

[H⊥(x),H⊥(x
′)] =

[

hij(x)Hj(x) + hij(x′)Hj(x
′)
]

δi(x, x
′),(1)

[H⊥(x),Hj(x
′)] = H⊥(x

′)δj(x, x
′), (2)

[Hi(x),Hj(x
′)] = Hi(x

′)δj(x, x
′)−Hj(x

′)δi(x, x
′), (3)

■ Such theory with canonical variables
(

hij,π
ij
)

satisfying

[

hij(x), π
kl(x′)

]

=
1

2

(

δkiδ
l
j + δkjδ

l
i

)

,

is indeed ... General Relativity ;
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■

[H⊥(x),H⊥(x
′)] =

[

hij(x)Hj(x) + hij(x′)Hj(x
′)
]

δi(x, x
′),(1)

[H⊥(x),Hj(x
′)] = H⊥(x

′)δj(x, x
′), (2)

[Hi(x),Hj(x
′)] = Hi(x

′)δj(x, x
′)−Hj(x

′)δi(x, x
′), (3)

■ Such theory with canonical variables
(

hij,π
ij
)

satisfying

[

hij(x), π
kl(x′)

]

=
1

2

(

δkiδ
l
j + δkjδ

l
i

)

,

is indeed ... General Relativity ;
■ General Relativity is thus retrieved as the theory for the

metric field in a Riemannian space-time!
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■ Hamiltonian perspective:
■ (i) the geometry of the space-time
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■ (i) the geometry of the space-time
■ (ii) the algebra of the (deformation) generators
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■ (ii) the algebra of the (deformation) generators
■ Conveys the geometry,
■ What would change if the assumption of a Riemannian

geometry is modified?
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■ (i) the geometry of the space-time
■ (ii) the algebra of the (deformation) generators
■ Conveys the geometry,
■ What would change if the assumption of a Riemannian

geometry is modified?
■ SUGRA
■  extra terms in the (deformation) generators
■  much more complicated geometry (than Riemannian

general relativity).
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■ What would change if the assumption of a Riemannian

geometry is modified?
■ SUGRA
■  extra terms in the (deformation) generators
■  much more complicated geometry (than Riemannian

general relativity).
■ An intriguing route to explore:
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■ Hamiltonian perspective:
■ (i) the geometry of the space-time
■ (ii) the algebra of the (deformation) generators
■ Conveys the geometry,
■ What would change if the assumption of a Riemannian

geometry is modified?
■ SUGRA
■  extra terms in the (deformation) generators
■  much more complicated geometry (than Riemannian

general relativity).
■ An intriguing route to explore:
■ proceed from the set of such (deformation) generators and

their algebra to retrieve the (yet not totally) charted
geometry associated with SUGRA, where both the metric
and the gravitino fields are of equivalent influence
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■ Boundary Conditions :
■  How can we make any prediction
■  specific boundary conditions to be implemented.
■ No-boundary
■ Tunneling
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■ The No-Boundary Proposal:
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■ The No-Boundary Proposal:
■ includes the (Feynman) path integral as tool
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■ The No-Boundary Proposal:
■ includes the (Feynman) path integral as tool
■ The amplitude to proceed from one state, e.g., |hij , ϕ; Σt〉,

describing the system with an intrinsic 3-metric, hij , matter
configuration, ϕ, on an initial hypersurface, Σt, to another
state |h′ij , φ

′

; Σ
′

t′〉, is given by a functional integral of eiS over
all 4-geometries, gµν , and matter configurations, φ, which
interpolate between the initial and final configurations:
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■ The No-Boundary Proposal:
■ includes the (Feynman) path integral as tool
■ The amplitude to proceed from one state, e.g., |hij , ϕ; Σt〉,

describing the system with an intrinsic 3-metric, hij , matter
configuration, ϕ, on an initial hypersurface, Σt, to another
state |h′ij , φ

′

; Σ
′

t′〉, is given by a functional integral of eiS over
all 4-geometries, gµν , and matter configurations, φ, which
interpolate between the initial and final configurations:

■

〈h′ij , ϕ
′

,Σ
′

t′ |hij , ϕ,Σt〉 =
∑

M

∫

DgDφ eiS[gµν ,φ];
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■ replace S by the corresponding Euclidean action
I [gµν , φ] ≡ −iS[gµν , φ].
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■ Wick rotation

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 8

Settings

■ replace S by the corresponding Euclidean action
I [gµν , φ] ≡ −iS[gµν , φ].

■ Wick rotation
■ The wavefunction Ψ of the universe

Ψ
[

hij , ϕ; Σ
′

t′

]

=
∑

M

∫

DgDφ e−I[gµν ,φ]
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■ replace S by the corresponding Euclidean action
I [gµν , φ] ≡ −iS[gµν , φ].

■ Wick rotation
■ The wavefunction Ψ of the universe

Ψ
[

hij , ϕ; Σ
′

t′

]

=
∑

M

∫

DgDφ e−I[gµν ,φ]

■  Complex metrics to be included;
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■ replace S by the corresponding Euclidean action
I [gµν , φ] ≡ −iS[gµν , φ].

■ Wick rotation
■ The wavefunction Ψ of the universe

Ψ
[

hij , ϕ; Σ
′

t′

]

=
∑

M

∫

DgDφ e−I[gµν ,φ]

■  Complex metrics to be included;
■ but ... There is no unique contour!
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■ Proposal (J Hartle , S Hawking): to restrictM - only
compact Riemannian 4-manifolds
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■ Proposal (J Hartle , S Hawking): to restrictM - only
compact Riemannian 4-manifolds

■  spatial hypersurface Σt on which Ψ is defined, constitutes
the only boundary,
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■ Proposal (J Hartle , S Hawking): to restrictM - only
compact Riemannian 4-manifolds

■  spatial hypersurface Σt on which Ψ is defined, constitutes
the only boundary,

■  only matter configurations that are regular on these
geometries
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■ Proposal (J Hartle , S Hawking): to restrictM - only
compact Riemannian 4-manifolds

■  spatial hypersurface Σt on which Ψ is defined, constitutes
the only boundary,

■  only matter configurations that are regular on these
geometries

■  inform what initial conditions to set at an initial time τ = 0,
on hij(x, 0), ϕ(x, 0) and their derivatives.
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■ Proposal (J Hartle , S Hawking): to restrictM - only
compact Riemannian 4-manifolds

■  spatial hypersurface Σt on which Ψ is defined, constitutes
the only boundary,

■  only matter configurations that are regular on these
geometries

■  inform what initial conditions to set at an initial time τ = 0,
on hij(x, 0), ϕ(x, 0) and their derivatives.

■ Within a semiclassical approximation Ψ ≃ e−Icl , where Icl
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■ Proposal (J Hartle , S Hawking): to restrictM - only
compact Riemannian 4-manifolds

■  spatial hypersurface Σt on which Ψ is defined, constitutes
the only boundary,

■  only matter configurations that are regular on these
geometries

■  inform what initial conditions to set at an initial time τ = 0,
on hij(x, 0), ϕ(x, 0) and their derivatives.

■ Within a semiclassical approximation Ψ ≃ e−Icl , where Icl
■ In other words, the boundary conditions are at the classical

level. They correspond to
1. The four-geometry is closed;
2. The saddle points of the functional integral correspond to

regular solutions of the classical field equations,
consistent with the data on Σi.
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■ Tunneling Proposal (A. Vilenkin):
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■ Tunneling Proposal (A. Vilenkin):
■  the universe tunnels into existence from nothing.
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■ Tunneling Proposal (A. Vilenkin):
■  the universe tunnels into existence from nothing.
■  Superspace has a boundary,
■ singular boundary
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■ Tunneling Proposal (A. Vilenkin):
■  the universe tunnels into existence from nothing.
■  Superspace has a boundary,
■ singular boundary
■  non-singular boundary.
■ Ψ should be everywhere bounded:
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■ Tunneling Proposal (A. Vilenkin):
■  the universe tunnels into existence from nothing.
■  Superspace has a boundary,
■ singular boundary
■  non-singular boundary.
■ Ψ should be everywhere bounded:
■ At singular boundaries of superspace, Ψ includes only

outgoing modes, i.e., those that carry a flux out of
superspace;
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■ Tunneling Proposal (A. Vilenkin):
■  the universe tunnels into existence from nothing.
■  Superspace has a boundary,
■ singular boundary
■  non-singular boundary.
■ Ψ should be everywhere bounded:
■ At singular boundaries of superspace, Ψ includes only

outgoing modes, i.e., those that carry a flux out of
superspace;

■ Ingoing modes can only enter at the nonsingular boundary.

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 8

Settings

■ Minisuperspace :
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■ Minisuperspace :
■ take only homogeneous metrics, which, for each point x ∈ S,

imply instead a finite number of degrees of freedom
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■ Minisuperspace :
■ take only homogeneous metrics, which, for each point x ∈ S,

imply instead a finite number of degrees of freedom
■  usefulness?
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■ Minisuperspace :
■ take only homogeneous metrics, which, for each point x ∈ S,

imply instead a finite number of degrees of freedom
■  usefulness?
■  truncation be justified?
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■ Minisuperspace :
■ take only homogeneous metrics, which, for each point x ∈ S,

imply instead a finite number of degrees of freedom
■  usefulness?
■  truncation be justified?
■ Validity of this approximation:
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■ Minisuperspace :
■ take only homogeneous metrics, which, for each point x ∈ S,

imply instead a finite number of degrees of freedom
■  usefulness?
■  truncation be justified?
■ Validity of this approximation:
■ That is the challenge!
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■ A single Wheeler–DeWitt equation is enough.
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■ A single Wheeler–DeWitt equation is enough.
■ E.g., FRW model with φ - minisuperspace 2-D, coordinates
qX ≡ {a, φ}, X = 1, 2.
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■ A single Wheeler–DeWitt equation is enough.
■ E.g., FRW model with φ - minisuperspace 2-D, coordinates
qX ≡ {a, φ}, X = 1, 2.

■ Quantization - minisuperspace (i.e., quantum cosmology):
quantum mechanics - constrained system with time
reparametrization.
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■ A single Wheeler–DeWitt equation is enough.
■ E.g., FRW model with φ - minisuperspace 2-D, coordinates
qX ≡ {a, φ}, X = 1, 2.

■ Quantization - minisuperspace (i.e., quantum cosmology):
quantum mechanics - constrained system with time
reparametrization.

■

S =

∫

dt
[

πX q̇
X −NH⊥

]
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■ A single Wheeler–DeWitt equation is enough.
■ E.g., FRW model with φ - minisuperspace 2-D, coordinates
qX ≡ {a, φ}, X = 1, 2.

■ Quantization - minisuperspace (i.e., quantum cosmology):
quantum mechanics - constrained system with time
reparametrization.

■

S =

∫

dt
[

πX q̇
X −NH⊥

]

■ 1
2GXY πXπY + U(q) = 0,
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■ A single Wheeler–DeWitt equation is enough.
■ E.g., FRW model with φ - minisuperspace 2-D, coordinates
qX ≡ {a, φ}, X = 1, 2.

■ Quantization - minisuperspace (i.e., quantum cosmology):
quantum mechanics - constrained system with time
reparametrization.

■

S =

∫

dt
[

πX q̇
X −NH⊥

]

■ 1
2GXY πXπY + U(q) = 0,

■

πX =
∂L

∂q̇X
=
GXY q̇

Y

N , H = πX q̇
X−L = N

[

1

2
GXY πXπX + U(q)

]

≡ NH,
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■ (more ) canonical quantisation

HΨ =

[

−1

2
∇2 + U(q)

]

Ψ = 0,
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■ (more ) canonical quantisation

HΨ =

[

−1

2
∇2 + U(q)

]

Ψ = 0,

■

∇2 ≡ 1√
−G ∂X

[√
−GGXY ∂Y

]
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■ (more ) canonical quantisation

HΨ =

[

−1

2
∇2 + U(q)

]

Ψ = 0,

■

∇2 ≡ 1√
−G ∂X

[√
−GGXY ∂Y

]

■ ... a choice of factor ordering
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■ (more ) canonical quantisation

HΨ =

[

−1

2
∇2 + U(q)

]

Ψ = 0,

■

∇2 ≡ 1√
−G ∂X

[√
−GGXY ∂Y

]

■ ... a choice of factor ordering
■ Another particular choice: conformally invariant

HΨ ≡
[

−1

2
∇2 +

D− 2

8(D− 1)
R+ U(q)

]

Ψ = 0
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■ WKB approximation:

Ψ ≃
∑

n

Ψn ≡
∑

n

Ane
−In ,
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n

Ψn ≡
∑

n

Ane
−In ,

■  regions in which the wavefunction is exponential,
Ψ ≃ e−I , I being the Euclidean action
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Ψ ≃
∑

n

Ψn ≡
∑

n

Ane
−In ,

■  regions in which the wavefunction is exponential,
Ψ ≃ e−I , I being the Euclidean action

■  regions in which it is oscillatory, Ψ ≃ eiS , S being the
classical action.
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Ψn ≡
∑

n

Ane
−In ,

■  regions in which the wavefunction is exponential,
Ψ ≃ e−I , I being the Euclidean action

■  regions in which it is oscillatory, Ψ ≃ eiS , S being the
classical action.

■ Latter : associated to classical (oscillatory) stages,
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■ WKB approximation:

Ψ ≃
∑

n

Ψn ≡
∑

n

Ane
−In ,

■  regions in which the wavefunction is exponential,
Ψ ≃ e−I , I being the Euclidean action

■  regions in which it is oscillatory, Ψ ≃ eiS , S being the
classical action.

■ Latter : associated to classical (oscillatory) stages,
■ Former : correspond to classically inaccessible (e.g., a

tunneling region).
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Cases and Results

■ WKB approximation:

Ψ ≃
∑

n

Ψn ≡
∑

n

Ane
−In ,

■  regions in which the wavefunction is exponential,
Ψ ≃ e−I , I being the Euclidean action

■  regions in which it is oscillatory, Ψ ≃ eiS , S being the
classical action.

■ Latter : associated to classical (oscillatory) stages,
■ Former : correspond to classically inaccessible (e.g., a

tunneling region).
■ (first-order) WKB wavefunction

Ψn = Cn exp

(

iSn −
1

2

∫

ds∇2Sn

)

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 10

Cases and Results

■ Minisuperspaces and Boundary Conditions:
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Cases and Results

■ Minisuperspaces and Boundary Conditions:
■ FRW universe with a single scalar field with a potential.

HΨ =
1

2
e−3α

[

∂2

∂α2
− ∂2

∂φ2
− ke4α + e6αV (φ)

]

Ψ = 0.
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Cases and Results

■ Minisuperspaces and Boundary Conditions:
■ FRW universe with a single scalar field with a potential.

HΨ =
1

2
e−3α

[

∂2

∂α2
− ∂2

∂φ2
− ke4α + e6αV (φ)

]

Ψ = 0.

■

Ψ(a, φ) ≃







B(φ)

a(a2V (φ)−k)1/4
exp

[

±i
3V (φ)

(

a2V (φ)− k
)3/2

]

, a2V > k

C(φ)
a(k−a2V (φ))1/4

exp
[

±1
3V (φ)

(

k − a2V (φ)
)3/2

]

, a2V < k
.
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■ Minisuperspaces and Boundary Conditions:
■ FRW universe with a single scalar field with a potential.

HΨ =
1

2
e−3α

[

∂2

∂α2
− ∂2

∂φ2
− ke4α + e6αV (φ)

]

Ψ = 0.

■

Ψ(a, φ) ≃







B(φ)

a(a2V (φ)−k)1/4
exp

[

±i
3V (φ)

(

a2V (φ)− k
)3/2

]

, a2V > k

C(φ)
a(k−a2V (φ))1/4

exp
[

±1
3V (φ)

(

k − a2V (φ)
)3/2

]

, a2V < k
.

■ If V is positive, then oscillatory solutions (Ψ ∼ eiS , S being a
solution of the Hamilton–Jacobi equation; a2V ≫ |k|,
S ≃ ± 1

3a
3
√
V ) will exist for large values of the scale factor,

while exponential type solutions will correspond to small
values of the scale factor.
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Cases and Results

■ Note that then

πα =
∂S

∂α
⇒ α̇ ≃ ±

√
V , (1)

πφ =
∂S

∂φ
⇒ φ̇ ≃ 0, (2)

corresponding to an inflationary attractor point; i.e., ... ‘initial’
conditions imported...! .
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Cases and Results

■ The Hartle–Hawking Boundary Condition

ΨHH [a, φ] =

∫ (a,φ)

DaDφDN e−I[a,φ,N ],
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Cases and Results

■ The Hartle–Hawking Boundary Condition

ΨHH [a, φ] =

∫ (a,φ)

DaDφDN e−I[a,φ,N ],

■ where

I =
1

2

∫ τf

0

dτN
[

−a
N 2

(

da

dτ

)2

+
a3

N 2

(

dφ

dτ

)2

− a+ a3V

]

,
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Cases and Results

■ The Hartle–Hawking Boundary Condition

ΨHH [a, φ] =

∫ (a,φ)

DaDφDN e−I[a,φ,N ],

■ where

I =
1

2

∫ τf

0

dτN
[

−a
N 2

(

da

dτ

)2

+
a3

N 2

(

dφ

dτ

)2

− a+ a3V

]

,

■ class of paths a(τf ) = a, φ(τf ) = φ origin of the Euclidean
time coordinate, τ , has been chosen to be zero
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Cases and Results

■ The Hartle–Hawking Boundary Condition

ΨHH [a, φ] =

∫ (a,φ)

DaDφDN e−I[a,φ,N ],

■ where

I =
1

2

∫ τf

0

dτN
[

−a
N 2

(

da

dτ

)2

+
a3

N 2

(

dφ

dτ

)2

− a+ a3V

]

,

■ class of paths a(τf ) = a, φ(τf ) = φ origin of the Euclidean
time coordinate, τ , has been chosen to be zero

■ a saddle-point approximation to the path integral taken
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Cases and Results

■ The Hartle–Hawking Boundary Condition

ΨHH [a, φ] =

∫ (a,φ)

DaDφDN e−I[a,φ,N ],

■ where

I =
1

2

∫ τf

0

dτN
[

−a
N 2

(

da

dτ

)2

+
a3

N 2

(

dφ

dτ

)2

− a+ a3V

]

,

■ class of paths a(τf ) = a, φ(τf ) = φ origin of the Euclidean
time coordinate, τ , has been chosen to be zero

■ a saddle-point approximation to the path integral taken
■ For large a (with a2V ≪ 1),

Ψ ∼ 1√
π a

exp

(

1

2
a2
)

[

1 +O(a−2)
]

,
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■ ... agrees WKB (a2V ≪ 1 for large a), (−) solution
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Cases and Results

■ ... agrees WKB (a2V ≪ 1 for large a), (−) solution

■ For V (φ)≫ 1, Ψ ≃ c(φ) J0
(

1
3a

3
√
V
)

,
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■ ... agrees WKB (a2V ≪ 1 for large a), (−) solution

■ For V (φ)≫ 1, Ψ ≃ c(φ) J0
(

1
3a

3
√
V
)

,

■ For large a, Ψ ∼ c√
2πS

cos
(

S − π
4

)

, where S = 1
3a

3
√
V .
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■ ... agrees WKB (a2V ≪ 1 for large a), (−) solution

■ For V (φ)≫ 1, Ψ ≃ c(φ) J0
(

1
3a

3
√
V
)

,

■ For large a, Ψ ∼ c√
2πS

cos
(

S − π
4

)

, where S = 1
3a

3
√
V .

■

ΨHH(a, φ) ≃







exp
(

1
3V (φ)

)

exp
[

−1
3V (φ)

(

1− a2V (φ)
)3/2

]

, a2V < 1

exp
(

1
3V (φ)

)

cos
[

1
3V (φ)

(

a2V (φ)− 1
)3/2 − π

4

]

, a2V > 1
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■ ... agrees WKB (a2V ≪ 1 for large a), (−) solution

■ For V (φ)≫ 1, Ψ ≃ c(φ) J0
(

1
3a

3
√
V
)

,

■ For large a, Ψ ∼ c√
2πS

cos
(

S − π
4

)

, where S = 1
3a

3
√
V .

■

ΨHH(a, φ) ≃







exp
(

1
3V (φ)

)

exp
[

−1
3V (φ)

(

1− a2V (φ)
)3/2

]

, a2V < 1

exp
(

1
3V (φ)

)

cos
[

1
3V (φ)

(

a2V (φ)− 1
)3/2 − π

4

]

, a2V > 1

■

ΨHH = Ψ− +Ψ+, (1)

Ψ± ∼ e
1

3V (φ) e
±i

[
1

3V (φ) (a
2V (φ)−1)

3/2−π
4

]

. (2)
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Cases and Results

■ The Vilenkin Proposal:
■  minisuperspace boundary: ingoing and outgoing modes
■  herein be more clearly defined.
■ Oscillatory WKB mode Ψ ∼ eiSn : current associated

■ notion of ingoing or outgoing :
−→∇Sn from a given surface.

■ The oscillatory WKB region is bounded; Sn being a solution
to the Hamilton–Jacobi equation

−
(

∂S

∂α

)2

+

(

∂S

∂φ

)2

+ e4α
[

e2αV (φ)− 1
]

= 0,
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■ The Vilenkin Proposal:
■  minisuperspace boundary: ingoing and outgoing modes
■  herein be more clearly defined.
■ Oscillatory WKB mode Ψ ∼ eiSn : current associated

■ notion of ingoing or outgoing :
−→∇Sn from a given surface.

■ The oscillatory WKB region is bounded; Sn being a solution
to the Hamilton–Jacobi equation

−
(

∂S

∂α

)2

+

(

∂S

∂φ

)2

+ e4α
[

e2αV (φ)− 1
]

= 0,

■

ΨV ∼ exp

[ −i
3V (φ)

(

e2αV (φ)− 1
)3/2

]

,
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Cases and Results

■ The Vilenkin Proposal:
■  minisuperspace boundary: ingoing and outgoing modes
■  herein be more clearly defined.
■ Oscillatory WKB mode Ψ ∼ eiSn : current associated

■ notion of ingoing or outgoing :
−→∇Sn from a given surface.

■ The oscillatory WKB region is bounded; Sn being a solution
to the Hamilton–Jacobi equation

−
(

∂S

∂α

)2

+

(

∂S

∂φ

)2

+ e4α
[

e2αV (φ)− 1
]

= 0,

■

ΨV ∼ exp

[ −i
3V (φ)

(

e2αV (φ)− 1
)3/2

]

,

■ wavefunction complex in the oscillatory region (the HH is
real).
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Cases and Results

■ 1. Why is QC well motivated for research study?
2. Describe the ‘historical’ path and who contributed with

what within QC
3. How can the Hamiltonian (i.e., the Wheeler–DeWitt) and

momentum constraint equations be extracted from a 3 + 1
description of spacetime?

4. Can the presence of torsion be of relevance?
5. What is superspace? What is minisuperspace?
6. Why is so important to discuss the corresponding algebra

of constraints? What physical information can be
retrieved, namely concerning the geometry of the space
time?

7. Indicate the assumptions and properties of the
no-boundary and tunneling wave functions for the
universe
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more Motif

■ ’Observational’ Quantum Cosmology:
■  probabilistic way
■ (i) “most probable” state (wave function)
■ (ii) distinctive predictive signatures.
■ Challenge in the XXIth century
■ Semi-classical picture:
■  intermediate stage
■  QC and classically (observed) universe ... come into

being
■  The debate
■ The real description ...?!...?
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again...Settings

■ ... having restored ~ in the minisuperspace Wheeler–DeWitt
equation... for each Ψn, the WKB equation
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again...Settings

■ ... having restored ~ in the minisuperspace Wheeler–DeWitt
equation... for each Ψn, the WKB equation

■

HΨ =

[

−1

2
~
2∇2 + U(q)

]

Ane
−Fn/~.
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again...Settings

■ ... having restored ~ in the minisuperspace Wheeler–DeWitt
equation... for each Ψn, the WKB equation

■

HΨ =

[

−1

2
~
2∇2 + U(q)

]

Ane
−Fn/~.

■

O(~0) → −1

2
(∇Fn)

2 + U, (1)

O(~1) → ∇Fn · ∇An +
1

2
An∇2Fn. (2)
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■ ... having restored ~ in the minisuperspace Wheeler–DeWitt
equation... for each Ψn, the WKB equation

■

HΨ =

[

−1

2
~
2∇2 + U(q)

]

Ane
−Fn/~.

■

O(~0) → −1

2
(∇Fn)

2 + U, (1)

O(~1) → ∇Fn · ∇An +
1

2
An∇2Fn. (2)

■ to Fn ≡ Rn − iSn.

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 14

again...Settings

■ ... having restored ~ in the minisuperspace Wheeler–DeWitt
equation... for each Ψn, the WKB equation

■

HΨ =

[

−1

2
~
2∇2 + U(q)

]

Ane
−Fn/~.

■

O(~0) → −1

2
(∇Fn)

2 + U, (1)

O(~1) → ∇Fn · ∇An +
1

2
An∇2Fn. (2)

■ to Fn ≡ Rn − iSn.
■ O(~0)

1

2
GXY ∂Sn

∂qX
∂Sn

∂qY
+ U(q) = 0.
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■ ...induces the identification πX ≡ ∂Sn

∂qX

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 14
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■ ...induces the identification πX ≡ ∂Sn

∂qX

■ ...define the minisuperspace vector field

d

ds
≡ GXY ∂Sn

∂qX
∂

∂qY
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■ ...induces the identification πX ≡ ∂Sn

∂qX

■ ...define the minisuperspace vector field

d

ds
≡ GXY ∂Sn

∂qX
∂

∂qY

■ obtain dπZ

ds + 1
2GXY

,ZπXπY + ∂U
∂qZ = 0,
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■ ...induces the identification πX ≡ ∂Sn

∂qX

■ ...define the minisuperspace vector field

d

ds
≡ GXY ∂Sn

∂qX
∂

∂qY

■ obtain dπZ

ds + 1
2GXY

,ZπXπY + ∂U
∂qZ = 0,

■ which, is just a geodesic equation
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again...Settings

■ ...induces the identification πX ≡ ∂Sn

∂qX

■ ...define the minisuperspace vector field

d

ds
≡ GXY ∂Sn

∂qX
∂

∂qY

■ obtain dπZ

ds + 1
2GXY

,ZπXπY + ∂U
∂qZ = 0,

■ which, is just a geodesic equation

■ To order O(~): GXY ∂Sn

∂qX
∂An

∂qY ≡ dAn

ds = − 1
2An∇2Sn,
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■ ...induces the identification πX ≡ ∂Sn

∂qX

■ ...define the minisuperspace vector field

d

ds
≡ GXY ∂Sn

∂qX
∂

∂qY

■ obtain dπZ

ds + 1
2GXY

,ZπXπY + ∂U
∂qZ = 0,

■ which, is just a geodesic equation

■ To order O(~): GXY ∂Sn

∂qX
∂An

∂qY ≡ dAn

ds = − 1
2An∇2Sn,

■ implying subsequently

Ψn = Cn exp

(

iSn −
1

2

∫

ds∇2Sn

)

,
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ds + 1
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■ which, is just a geodesic equation

■ To order O(~): GXY ∂Sn
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∂qY ≡ dAn

ds = − 1
2An∇2Sn,

■ implying subsequently

Ψn = Cn exp

(

iSn −
1

2

∫
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)

,
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■ Spacetime correlations and decoherence :
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■ Spacetime correlations and decoherence :
■  correlations - the Wigner function criterion:
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■  correlations - the Wigner function criterion:
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classical trajectory defined
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■ Spacetime correlations and decoherence :
■  correlations - the Wigner function criterion:
■ A strong sharp peak is likely to be located close to a

classical trajectory defined
■  However, ... does not have a single sharp peak even for a

pure WKB function
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again...Settings

■ Spacetime correlations and decoherence :
■  correlations - the Wigner function criterion:
■ A strong sharp peak is likely to be located close to a

classical trajectory defined
■  However, ... does not have a single sharp peak even for a

pure WKB function
■  Environment interaction
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again...Settings

■ Loss of quantum-coherence or decoherence
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again...Settings

■ Loss of quantum-coherence or decoherence
■ Reduced density matrix (Wigner functional):

FW (n)(a, πa) =

∫ +∞

−∞
∆[S′

(n)(a1)S
′
(n)(a2)]

− 1
2 e−2iπa∆eiM

2
P [S(n)(a1)−S(n)(a2)]I

where ∆ = (a1 − a2)/2.
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′
(n)(a2)]

− 1
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P [S(n)(a1)−S(n)(a2)]I

where ∆ = (a1 − a2)/2.
■ ...important relation between correlation and decoherence
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■ Loss of quantum-coherence or decoherence
■ Reduced density matrix (Wigner functional):

FW (n)(a, πa) =

∫ +∞

−∞
∆[S′

(n)(a1)S
′
(n)(a2)]

− 1
2 e−2iπa∆eiM

2
P [S(n)(a1)−S(n)(a2)]I

where ∆ = (a1 − a2)/2.
■ ...important relation between correlation and decoherence
■ ... fairly small off-diagonal terms such that quantum

interference between alternative histories is negligible
(In,n′ ∝ δn,n′)
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■ Loss of quantum-coherence or decoherence
■ Reduced density matrix (Wigner functional):

FW (n)(a, πa) =

∫ +∞

−∞
∆[S′

(n)(a1)S
′
(n)(a2)]

− 1
2 e−2iπa∆eiM

2
P [S(n)(a1)−S(n)(a2)]I

where ∆ = (a1 − a2)/2.
■ ...important relation between correlation and decoherence
■ ... fairly small off-diagonal terms such that quantum

interference between alternative histories is negligible
(In,n′ ∝ δn,n′)

■ Decoherence process is rather crucial as it is only when the
decoherence between different WKB branches is sucessful
that correlations may be properly predicted.
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■ Superposition (Ψ =
∑

n Ψn): interference may destroy
classical behaviour.
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■ A fully classical trajectory requires the quantum mechanical
interference to become negligible: This means a suitable
decoherence mechanism to be present
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■ A fully classical trajectory requires the quantum mechanical
interference to become negligible: This means a suitable
decoherence mechanism to be present

■ Ψ: classical spacetime if a WKB-type solution induces
correlation between πX and qX = (a, φ, ...)
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■ A fully classical trajectory requires the quantum mechanical
interference to become negligible: This means a suitable
decoherence mechanism to be present

■ Ψ: classical spacetime if a WKB-type solution induces
correlation between πX and qX = (a, φ, ...)

■ Oscillatory wavefunctions, Ψ ∼ eiS : correlation between
coordinates and momenta,
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■ Superposition (Ψ =
∑

n Ψn): interference may destroy
classical behaviour.

■ A fully classical trajectory requires the quantum mechanical
interference to become negligible: This means a suitable
decoherence mechanism to be present

■ Ψ: classical spacetime if a WKB-type solution induces
correlation between πX and qX = (a, φ, ...)

■ Oscillatory wavefunctions, Ψ ∼ eiS : correlation between
coordinates and momenta,

■ Wavefunctions Ψ ∼ eI do not: stages of a purely quantum
regime.
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■ Superposition (Ψ =
∑

n Ψn): interference may destroy
classical behaviour.

■ A fully classical trajectory requires the quantum mechanical
interference to become negligible: This means a suitable
decoherence mechanism to be present

■ Ψ: classical spacetime if a WKB-type solution induces
correlation between πX and qX = (a, φ, ...)

■ Oscillatory wavefunctions, Ψ ∼ eiS : correlation between
coordinates and momenta,

■ Wavefunctions Ψ ∼ eI do not: stages of a purely quantum
regime.

■ Environment interaction also affects the correlations within a
classically decohered branch; Environment continuously
measure the physical observables: back-reaction 
environment⇋ semi-classical evolution.
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■ Superposition (Ψ =
∑

n Ψn): interference may destroy
classical behaviour.

■ A fully classical trajectory requires the quantum mechanical
interference to become negligible: This means a suitable
decoherence mechanism to be present

■ Ψ: classical spacetime if a WKB-type solution induces
correlation between πX and qX = (a, φ, ...)

■ Oscillatory wavefunctions, Ψ ∼ eiS : correlation between
coordinates and momenta,

■ Wavefunctions Ψ ∼ eI do not: stages of a purely quantum
regime.

■ Environment interaction also affects the correlations within a
classically decohered branch; Environment continuously
measure the physical observables: back-reaction 
environment⇋ semi-classical evolution.

■ The sharpness and position of the peak: determined by the
behaviour of In,n(a2, a1).
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■ We can be more precise:
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■ We can be more precise:
■  ’Global’ degrees of freedom (e.g., the scale factor a of a

Friedmann Universe) represent the semiclassical
gravitational degrees of freedom,
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■ We can be more precise:
■  ’Global’ degrees of freedom (e.g., the scale factor a of a

Friedmann Universe) represent the semiclassical
gravitational degrees of freedom,

■  ’fluctuations’ (e.g., matter density perturbations or
gravitational waves) will be ’environment ’ degrees of
freedom,

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 14

again...Settings

■ We can be more precise:
■  ’Global’ degrees of freedom (e.g., the scale factor a of a

Friedmann Universe) represent the semiclassical
gravitational degrees of freedom,

■  ’fluctuations’ (e.g., matter density perturbations or
gravitational waves) will be ’environment ’ degrees of
freedom,

■ Reduced density matrix for the gravitational degrees of
freedom:
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■ We can be more precise:
■  ’Global’ degrees of freedom (e.g., the scale factor a of a

Friedmann Universe) represent the semiclassical
gravitational degrees of freedom,

■  ’fluctuations’ (e.g., matter density perturbations or
gravitational waves) will be ’environment ’ degrees of
freedom,

■ Reduced density matrix for the gravitational degrees of
freedom:

■

ρ[hij , h
′
ij ] ≡ TrφΨ[hij , φ]Ψ

∗[h′ij , φ]
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■ We can be more precise:
■  ’Global’ degrees of freedom (e.g., the scale factor a of a

Friedmann Universe) represent the semiclassical
gravitational degrees of freedom,

■  ’fluctuations’ (e.g., matter density perturbations or
gravitational waves) will be ’environment ’ degrees of
freedom,

■ Reduced density matrix for the gravitational degrees of
freedom:

■

ρ[hij , h
′
ij ] ≡ TrφΨ[hij , φ]Ψ

∗[h′ij , φ]

■ E.g., Take a in the FRW setting as the relevant function
which will become (quasi)classical
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■ We can be more precise:
■  ’Global’ degrees of freedom (e.g., the scale factor a of a

Friedmann Universe) represent the semiclassical
gravitational degrees of freedom,

■  ’fluctuations’ (e.g., matter density perturbations or
gravitational waves) will be ’environment ’ degrees of
freedom,

■ Reduced density matrix for the gravitational degrees of
freedom:

■

ρ[hij , h
′
ij ] ≡ TrφΨ[hij , φ]Ψ

∗[h′ij , φ]

■ E.g., Take a in the FRW setting as the relevant function
which will become (quasi)classical

■ The density matrix would be
ρ(a1, a2) = Ψ0(a1)Ψ

∗
0(a2)

∏N
n=1

∫

dϑnΨ̃
∗
n(a2, ϑn)Ψ̃n(a1, ϑn)
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■ Using Ψ0 ≡ C(q, φ) eiS0(q,φ):
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■ Using Ψ0 ≡ C(q, φ) eiS0(q,φ):
■ A Schrödinger equation is then

i
∂Ψ̃n

∂t
≃ 1

a3

(

−1

2

∂2

∂f2nlm
+

1

2

[

n2a4 +m2a6
]

f2nlm

)

Ψ̃n,
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■ Using Ψ0 ≡ C(q, φ) eiS0(q,φ):
■ A Schrödinger equation is then

i
∂Ψ̃n

∂t
≃ 1

a3

(

−1

2

∂2

∂f2nlm
+

1

2

[

n2a4 +m2a6
]

f2nlm

)

Ψ̃n,

■  t is the WKB time (defined through ∂
∂t ≡ ∇aS∇a), and for

ρ:
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■ Using Ψ0 ≡ C(q, φ) eiS0(q,φ):
■ A Schrödinger equation is then

i
∂Ψ̃n

∂t
≃ 1

a3

(

−1

2

∂2

∂f2nlm
+

1

2

[

n2a4 +m2a6
]

f2nlm

)

Ψ̃n,

■  t is the WKB time (defined through ∂
∂t ≡ ∇aS∇a), and for

ρ:
■ (i) becomes a narrow Gaussian, (ii) meaning a "localisation

within one WKB component"
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■ Using Ψ0 ≡ C(q, φ) eiS0(q,φ):
■ A Schrödinger equation is then

i
∂Ψ̃n

∂t
≃ 1

a3

(

−1

2

∂2

∂f2nlm
+

1

2

[

n2a4 +m2a6
]

f2nlm

)

Ψ̃n,

■  t is the WKB time (defined through ∂
∂t ≡ ∇aS∇a), and for

ρ:
■ (i) becomes a narrow Gaussian, (ii) meaning a "localisation

within one WKB component"
■ In other cases it may not be as simple: WKB components

can interfere (e.g., at a turning point of a recollapsing
universe); Classical time may not be possible to define the
issue of back reaction of non-gravitational fields on the
Hamilton–Jacobi equation is of pertinence.
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■ Note 1. The density matrix is obtained by integrating out the
’irrelevant’ degrees of freedom;
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■ Note 1. The density matrix is obtained by integrating out the
’irrelevant’ degrees of freedom;

■ Note 2. The density matrix obeys a non-unitary ’master’
equation instead of a unitary (von Neumann) equation.
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■ Note 1. The density matrix is obtained by integrating out the
’irrelevant’ degrees of freedom;

■ Note 2. The density matrix obeys a non-unitary ’master’
equation instead of a unitary (von Neumann) equation.

■ Note 3. Quantum interference effects among states of the
system are suppressed by the interaction with the
environment; This coarse-graining procedure leads to an
effective action
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■ In models containing one single “classical” degree of
freedom, the Hamilton–Jacobi equation has only two
solutions, generating the same trajectory in opposite
directions:
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■ In models containing one single “classical” degree of
freedom, the Hamilton–Jacobi equation has only two
solutions, generating the same trajectory in opposite
directions:

■

Ψ[O, E ] =
∑

(n)

C(n)[O]eiM
2
PS(n)[O]ψ(n)[O, E];
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■ In models containing one single “classical” degree of
freedom, the Hamilton–Jacobi equation has only two
solutions, generating the same trajectory in opposite
directions:

■

Ψ[O, E ] =
∑

(n)

C(n)[O]eiM
2
PS(n)[O]ψ(n)[O, E];

■ (n) labels the WKB branches (taking only two values, say
±1, uniquely identifying the two possible solutions of the
Hamilton-Jacobi equation)
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■ In models containing one single “classical” degree of
freedom, the Hamilton–Jacobi equation has only two
solutions, generating the same trajectory in opposite
directions:

■

Ψ[O, E ] =
∑

(n)

C(n)[O]eiM
2
PS(n)[O]ψ(n)[O, E];

■ (n) labels the WKB branches (taking only two values, say
±1, uniquely identifying the two possible solutions of the
Hamilton-Jacobi equation)

■ Proper decoherence:

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 14

again...Settings

■ In models containing one single “classical” degree of
freedom, the Hamilton–Jacobi equation has only two
solutions, generating the same trajectory in opposite
directions:

■

Ψ[O, E ] =
∑

(n)

C(n)[O]eiM
2
PS(n)[O]ψ(n)[O, E];

■ (n) labels the WKB branches (taking only two values, say
±1, uniquely identifying the two possible solutions of the
Hamilton-Jacobi equation)

■ Proper decoherence:
■  reduced density matrix to be diagonal,
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■ In models containing one single “classical” degree of
freedom, the Hamilton–Jacobi equation has only two
solutions, generating the same trajectory in opposite
directions:

■

Ψ[O, E ] =
∑

(n)

C(n)[O]eiM
2
PS(n)[O]ψ(n)[O, E];

■ (n) labels the WKB branches (taking only two values, say
±1, uniquely identifying the two possible solutions of the
Hamilton-Jacobi equation)

■ Proper decoherence:
■  reduced density matrix to be diagonal,
■  the different WKB components have negligible

interference among the diagonal terms.
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■

Ψ(n)[a, φ] = eiM
2
PS(n)(a)C(n)(a)ψ(n)(a, φ) .

ρR =
∑

n,n′

eiM
2
P [S(n)(a1)−S(n′)(a2)]C(n)(a1)C(n′)(a2)In,n′(a2, a1) ,

where

In,n′(a2, a1) ≡
∫

Ψ̃∗
(n′)(a2, φ)Ψ̃(n)(a1, φ)d[φ],

(n) labels the WKB branches.

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 14

again...Settings

■

Ψ(n)[a, φ] = eiM
2
PS(n)(a)C(n)(a)ψ(n)(a, φ) .

ρR =
∑

n,n′

eiM
2
P [S(n)(a1)−S(n′)(a2)]C(n)(a1)C(n′)(a2)In,n′(a2, a1) ,

where

In,n′(a2, a1) ≡
∫

Ψ̃∗
(n′)(a2, φ)Ψ̃(n)(a1, φ)d[φ],

(n) labels the WKB branches.
■ The term In,n′(a2, a1) is sometimes designated

Decoherence Functional and describes the influence of the
environment on the system.
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■ (small) inhomogeneous perturbations:

hij(x, t) ≡ a2(t) (Ωij + εij) , (1)

φ(x, t) ≡ φ0(t) + δφ(x, t) ≡ φ0(t) +
1

ς
Σnmlfnlm(t)Qn

lm(x), ,(2)

N (x, t) ≡ N0(t) + δN (x, t), (3)

Ni(x, t) ≡ 0 + δNi(x, t), (4)
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■ (small) inhomogeneous perturbations:

hij(x, t) ≡ a2(t) (Ωij + εij) , (1)

φ(x, t) ≡ φ0(t) + δφ(x, t) ≡ φ0(t) +
1

ς
Σnmlfnlm(t)Qn

lm(x), ,(2)

N (x, t) ≡ N0(t) + δN (x, t), (3)

Ni(x, t) ≡ 0 + δNi(x, t), (4)

■ with

S ≡ S0[q
X ,N0] + S2[q

X ,N0, εij , δφ, δN , δNi],
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■ And
H⊥ = H0 +H2;
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■ And
H⊥ = H0 +H2;

■ with

H⊥Ψ ≡
[

−1

2
∇2 + U(q) +H2

]

Ψ = 0,

H2 ≡
1

2
Σnml

{

− 1

a3
∂2

∂f2nlm
+
[

(n2 − 1)a+m2a3
]

f2nlm

}

,

Ψ = C(q, φ) eiS0(q,φ) Ψ, i
∂Ψ

∂t
= H2Ψ;Ψ = ΠnmlΨ̃nlm(t, fnlm).
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■ And
H⊥ = H0 +H2;

■ with

H⊥Ψ ≡
[

−1

2
∇2 + U(q) +H2

]

Ψ = 0,

H2 ≡
1

2
Σnml

{

− 1

a3
∂2

∂f2nlm
+
[

(n2 − 1)a+m2a3
]

f2nlm

}

,

Ψ = C(q, φ) eiS0(q,φ) Ψ, i
∂Ψ

∂t
= H2Ψ;Ψ = ΠnmlΨ̃nlm(t, fnlm).

■ ’no-boundary’ or ’tunneling’: Schrödinguer equation and
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■ And
H⊥ = H0 +H2;

■ with

H⊥Ψ ≡
[

−1

2
∇2 + U(q) +H2

]

Ψ = 0,

H2 ≡
1

2
Σnml

{

− 1

a3
∂2

∂f2nlm
+
[

(n2 − 1)a+m2a3
]

f2nlm

}

,

Ψ = C(q, φ) eiS0(q,φ) Ψ, i
∂Ψ

∂t
= H2Ψ;Ψ = ΠnmlΨ̃nlm(t, fnlm).

■ ’no-boundary’ or ’tunneling’: Schrödinguer equation and
■  particular vacuum state
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■ And
H⊥ = H0 +H2;

■ with

H⊥Ψ ≡
[

−1

2
∇2 + U(q) +H2

]

Ψ = 0,

H2 ≡
1

2
Σnml

{

− 1

a3
∂2

∂f2nlm
+
[

(n2 − 1)a+m2a3
]

f2nlm

}

,

Ψ = C(q, φ) eiS0(q,φ) Ψ, i
∂Ψ

∂t
= H2Ψ;Ψ = ΠnmlΨ̃nlm(t, fnlm).

■ ’no-boundary’ or ’tunneling’: Schrödinguer equation and
■  particular vacuum state
■  structure formation observable ... or not.
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■ And
H⊥ = H0 +H2;

■ with

H⊥Ψ ≡
[

−1

2
∇2 + U(q) +H2

]

Ψ = 0,

H2 ≡
1

2
Σnml

{

− 1

a3
∂2

∂f2nlm
+
[

(n2 − 1)a+m2a3
]

f2nlm

}

,

Ψ = C(q, φ) eiS0(q,φ) Ψ, i
∂Ψ

∂t
= H2Ψ;Ψ = ΠnmlΨ̃nlm(t, fnlm).

■ ’no-boundary’ or ’tunneling’: Schrödinguer equation and
■  particular vacuum state
■  structure formation observable ... or not.
■ ’no-boundary’ and ’tunneling’: Bunch–Davies vacuum
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■ What if: Multi-dimensional minisuperspace
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■ What if: Multi-dimensional minisuperspace
■  richer structure : retrieval of classical behaviour.
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■ What if: Multi-dimensional minisuperspace
■  richer structure : retrieval of classical behaviour.
■ N degrees of freedom, the Hamilton-Jacobi equation with

N-1 parameter family of solutions, each generating a N-1
parameter family of classical trajectories
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■ What if: Multi-dimensional minisuperspace
■  richer structure : retrieval of classical behaviour.
■ N degrees of freedom, the Hamilton-Jacobi equation with

N-1 parameter family of solutions, each generating a N-1
parameter family of classical trajectories

■  a general solution may contain an infinite superposition of
semi-classical solutions
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■ What if: Multi-dimensional minisuperspace
■  richer structure : retrieval of classical behaviour.
■ N degrees of freedom, the Hamilton-Jacobi equation with

N-1 parameter family of solutions, each generating a N-1
parameter family of classical trajectories

■  a general solution may contain an infinite superposition of
semi-classical solutions

■  each WKB branch describing a set of different universes
and not a single one (N = 1).
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■ What if: Multi-dimensional minisuperspace
■  richer structure : retrieval of classical behaviour.
■ N degrees of freedom, the Hamilton-Jacobi equation with

N-1 parameter family of solutions, each generating a N-1
parameter family of classical trajectories

■  a general solution may contain an infinite superposition of
semi-classical solutions

■  each WKB branch describing a set of different universes
and not a single one (N = 1).

■ N = 2 and N > 2 cases are rather different as far as the
diagonalization
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■ What if: Multi-dimensional minisuperspace
■  richer structure : retrieval of classical behaviour.
■ N degrees of freedom, the Hamilton-Jacobi equation with

N-1 parameter family of solutions, each generating a N-1
parameter family of classical trajectories

■  a general solution may contain an infinite superposition of
semi-classical solutions

■  each WKB branch describing a set of different universes
and not a single one (N = 1).

■ N = 2 and N > 2 cases are rather different as far as the
diagonalization

■ N = 2 model: scale factor, homogeneous mode minimally
massless scalar field; environment: inhomogeneous
perturbations of another minimally massless φ.
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■ What if: Multi-dimensional minisuperspace
■  richer structure : retrieval of classical behaviour.
■ N degrees of freedom, the Hamilton-Jacobi equation with

N-1 parameter family of solutions, each generating a N-1
parameter family of classical trajectories

■  a general solution may contain an infinite superposition of
semi-classical solutions

■  each WKB branch describing a set of different universes
and not a single one (N = 1).

■ N = 2 and N > 2 cases are rather different as far as the
diagonalization

■ N = 2 model: scale factor, homogeneous mode minimally
massless scalar field; environment: inhomogeneous
perturbations of another minimally massless φ.

■ ... reduced density matrix; Feynman-Vernon influence
functional; Schwinger-Keldish CTP effective action
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■ Trajectories in N = 2 minisuperspace: far more complicated;
A WKB time is now defined as

d

dη
= GXY ∂S

∂qX

∂

∂qY
,

with X, Y = 1, 2, q1 = a, q2 = φ and GXY = diag(−1, 1).
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■ Trajectories in N = 2 minisuperspace: far more complicated;
A WKB time is now defined as

d

dη
= GXY ∂S

∂qX

∂

∂qY
,

with X, Y = 1, 2, q1 = a, q2 = φ and GXY = diag(−1, 1).
■ We shall have as many η-affine parameters as different

values of the (n)-parameter. Hence, different values of (n)
will lead to different definitions of time for the Schrödinger
equation.
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■ Trajectories in N = 2 minisuperspace: far more complicated;
A WKB time is now defined as

d

dη
= GXY ∂S

∂qX

∂

∂qY
,

with X, Y = 1, 2, q1 = a, q2 = φ and GXY = diag(−1, 1).
■ We shall have as many η-affine parameters as different

values of the (n)-parameter. Hence, different values of (n)
will lead to different definitions of time for the Schrödinger
equation.

■ This implies that the influence functional is actually a
functional of two ’histories’; A state Ψ̃(n) can be interpreted,
not as being simply a function of a point in minisuperspace,
but instead as a function of the whole history, which
corresponds to the only trajectory that belongs to the
(n)-WKB branch and goes through that particular point
(a, φ).
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again...Settings

■ E.g.:
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again...Settings

■ E.g.:
■  a and φ and their canonical momenta analysed by

examining peaks in the reduced (!) Wigner function
FW1(q

X ,πq1) =
∫

dπq2FW (n)(q
X ;πqX )
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■ E.g.:
■  a and φ and their canonical momenta analysed by

examining peaks in the reduced (!) Wigner function
FW1(q

X ,πq1) =
∫

dπq2FW (n)(q
X ;πqX )

■ Gaussian ansatz (higher multipoles)
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again...Settings

■ E.g.:
■  a and φ and their canonical momenta analysed by

examining peaks in the reduced (!) Wigner function
FW1(q

X ,πq1) =
∫

dπq2FW (n)(q
X ;πqX )

■ Gaussian ansatz (higher multipoles)
■ ρ[a, φ; a′, φ′] ≃

Ψ0Ψ
∗
0 exp

(

− N3

6a2 (a− a′)2 − 3m2N(aφ− a′φ′)2
)
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again...Settings

■ E.g.:
■  a and φ and their canonical momenta analysed by

examining peaks in the reduced (!) Wigner function
FW1(q

X ,πq1) =
∫

dπq2FW (n)(q
X ;πqX )

■ Gaussian ansatz (higher multipoles)
■ ρ[a, φ; a′, φ′] ≃

Ψ0Ψ
∗
0 exp

(

− N3

6a2 (a− a′)2 − 3m2N(aφ− a′φ′)2
)

■ for N ≃ a , ρ[a, φ; a′, φ′] ≃
Ψ0(a, φ)Ψ

∗
0(a

′, φ′) exp
(

−a
6 (a− a′)2 − 3m2a(aφ− a′φ′)2

)

.
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again...Settings

■ E.g.:
■  a and φ and their canonical momenta analysed by

examining peaks in the reduced (!) Wigner function
FW1(q

X ,πq1) =
∫

dπq2FW (n)(q
X ;πqX )

■ Gaussian ansatz (higher multipoles)
■ ρ[a, φ; a′, φ′] ≃

Ψ0Ψ
∗
0 exp

(

− N3

6a2 (a− a′)2 − 3m2N(aφ− a′φ′)2
)

■ for N ≃ a , ρ[a, φ; a′, φ′] ≃
Ψ0(a, φ)Ψ

∗
0(a

′, φ′) exp
(

−a
6 (a− a′)2 − 3m2a(aφ− a′φ′)2

)

.
■ A few points:

◆ Universe (is more classic as the universe is larger...
◆ A classical a leads to a classical φ, i.e., interferences

within φ are negligible if a ∼ a′;
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Of Interest
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Cases again...

■ De Sitter space and quantum gravity corrections:
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Cases again...

■ De Sitter space and quantum gravity corrections:
■ Thus,

◆ conformal transformation 3-metric as hij = h1/3h̃ij ,
◆ The Hamilton–Jacobi equation becomes

−3
√
h

16

(

δS0

δ
√
h

)2

+
h̃ikh̃jl

2
√
h

δS0

δh̃ij

δS0

δh̃kl
− 2
√
h((3)R− 2Λ) = 0.

◆ (3)R = 0; S0 = S0(
√
h);

S0 = ±8
√

Λ

3

∫ √
hd3x ≡ ±8H0

∫ √
hd3x,

◆ “Conservation law”: (functional) Schrödinger equation is

iΘ̇ =

∫

d3x

(

− 1

2a3
δ2

δφ2
+
a

2
(∇φ)2 + a3

2
m2φ2

)

Θ.
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Cases again...

■ and...
◆ Gaussian ansatz Θ = N(t) exp

(

− 1
2

∫

dk̃Ω̌(k, t)χ̌kχ̌−k

)

;
◆

y′′ + 2
a′

a
y′ + (m2a2 + k2)y = 0,

◆ At the next order, corrections to the Schrödinger
equation:

i~
δΘ

δτ
= Hm

⊥Θ− 2πG√
hΛ

(Hm
⊥ )2Θ− i~2πG

Λ

δ

δτ

(Hm
⊥√
h

)

Θ.
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Cases again...

■ and...
◆ Gaussian ansatz Θ = N(t) exp

(

− 1
2

∫

dk̃Ω̌(k, t)χ̌kχ̌−k

)

;
◆

y′′ + 2
a′

a
y′ + (m2a2 + k2)y = 0,

◆ At the next order, corrections to the Schrödinger
equation:

i~
δΘ

δτ
= Hm

⊥Θ− 2πG√
hΛ

(Hm
⊥ )2Θ− i~2πG

Λ

δ

δτ

(Hm
⊥√
h

)

Θ.

■  source of non-unitarity;
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Cases again...

■ and...
◆ Gaussian ansatz Θ = N(t) exp

(

− 1
2

∫

dk̃Ω̌(k, t)χ̌kχ̌−k

)

;
◆

y′′ + 2
a′

a
y′ + (m2a2 + k2)y = 0,

◆ At the next order, corrections to the Schrödinger
equation:

i~
δΘ

δτ
= Hm

⊥Θ− 2πG√
hΛ

(Hm
⊥ )2Θ− i~2πG

Λ

δ

δτ

(Hm
⊥√
h

)

Θ.

■  source of non-unitarity;
■  shift

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 16

Cases again...

■ Moreover, Bunch-Davies vacuum
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Cases again...

■ Moreover, Bunch-Davies vacuum
■  Simpler Gaussian ansatz

Ψ̃ = Ň(t)e−
1
2 Ω̌(t)f2

n .
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Cases again...

■ Moreover, Bunch-Davies vacuum
■  Simpler Gaussian ansatz

Ψ̃ = Ň(t)e−
1
2 Ω̌(t)f2

n .

■ Using

Ω̌ ≡ −ia3 ẏ
y
≡ −ia2 y

′

y
,
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Cases again...

■ Moreover, Bunch-Davies vacuum
■  Simpler Gaussian ansatz

Ψ̃ = Ň(t)e−
1
2 Ω̌(t)f2

n .

■ Using

Ω̌ ≡ −ia3 ẏ
y
≡ −ia2 y

′

y
,

■

y′′ − 2

η
y′ + (

m2

H2η2
+ n2)y = 0,

... de Sitter invariant, i. e. invariant under SO(3, 1),
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Cases again...

■ Moreover, Bunch-Davies vacuum
■  Simpler Gaussian ansatz

Ψ̃ = Ň(t)e−
1
2 Ω̌(t)f2

n .

■ Using

Ω̌ ≡ −ia3 ẏ
y
≡ −ia2 y

′

y
,

■

y′′ − 2

η
y′ + (

m2

H2η2
+ n2)y = 0,

... de Sitter invariant, i. e. invariant under SO(3, 1),

■ ... reducing to the Minkowski vacuum at early times, i. e. Ω̌
tends to

√
n2 +m2 as t→ −∞,
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Cases again...

■ Inflation :
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Cases again...

■ Inflation :
■ Can inflation be generic?
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Cases again...

■ Inflation :
■ Can inflation be generic?
■  Both WKB limits for the ’no-boundary’ and ’tunneling’

wavefunctions predict an inflationary stage for a FRW
universe
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Cases again...

■ Inflation :
■ Can inflation be generic?
■  Both WKB limits for the ’no-boundary’ and ’tunneling’

wavefunctions predict an inflationary stage for a FRW
universe

■ The wave functions in the oscillatory region are strongly
peaked about the set of classical solutions: a(t) ∼ e

√
V t,

φ(t) ≃ φ0
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Cases again...

■ Making predictions: probability measure must be defined.

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 16

Cases again...

■ Making predictions: probability measure must be defined.
■ ...one of the motivations to explore beyond the border

of purely bosonic minisuperspace and include fermions,
preferably within supersymmetry
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■ Making predictions: probability measure must be defined.
■ ...one of the motivations to explore beyond the border

of purely bosonic minisuperspace and include fermions,
preferably within supersymmetry

■ Wheeler-DeWitt equation second-order equation.
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Cases again...

■ Making predictions: probability measure must be defined.
■ ...one of the motivations to explore beyond the border

of purely bosonic minisuperspace and include fermions,
preferably within supersymmetry

■ Wheeler-DeWitt equation second-order equation.
■ A current J = − 1

2 i
(

Ψ̄∇Ψ−Ψ∇Ψ̄
)
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Cases again...

■ Making predictions: probability measure must be defined.
■ ...one of the motivations to explore beyond the border

of purely bosonic minisuperspace and include fermions,
preferably within supersymmetry

■ Wheeler-DeWitt equation second-order equation.
■ A current J = − 1

2 i
(

Ψ̄∇Ψ−Ψ∇Ψ̄
)

■ conserved as well ∇ · J = 0.
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Cases again...

■ Making predictions: probability measure must be defined.
■ ...one of the motivations to explore beyond the border

of purely bosonic minisuperspace and include fermions,
preferably within supersymmetry

■ Wheeler-DeWitt equation second-order equation.
■ A current J = − 1

2 i
(

Ψ̄∇Ψ−Ψ∇Ψ̄
)

■ conserved as well ∇ · J = 0.

■ However:
◆ The inner product constructed from J is not

positive-definite: Negative probabilities become possible;
◆ No well-defined definition of positive frequencies in full

superspace;
◆ Some wavefunctions (e.g., the no-boundary) are real and

give J = 0.
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Cases again...

■ Hence, some options we can consider:
1. Bring Ψ into an operator representation, create and

annihilate universes;
2. Invoke SQC (!), since the constraints of SUGRA are as

the Dirac square root of the constraints of general
relativity, in the form of first-order equations (However,
even so, the problem is not solved:

3. Use |Ψ|2 directly as a probability measure: For
homogeneous minisuperspaces, it is a promising option
since quantum cosmology is quantum mechanics with
time reparametrization; However, there are examples
where the wavefunction is not normalisable;

4. Consider Ψ associated instead with conditional
probabilities of eventually finding Ψ in a region A of
minisuperspace given that Ψ is found also in another
region B.
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Cases again...

■ WKB semi-classical limit: quite instructive
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Cases again...

■ WKB semi-classical limit: quite instructive
■  take Ψn ≃ An exp

(

iSn − 1
2

∫

ds∇2Sn

)

,
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Cases again...

■ WKB semi-classical limit: quite instructive
■  take Ψn ≃ An exp

(

iSn − 1
2

∫

ds∇2Sn

)

,
■  each Ψn has a conserved current

Jn ≃ |An|2∇Sn ⇔ ∇XJ
X
n = 0,

dP = J
X
n dΣX ,

being a conserved probability measure
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Cases again...

■ WKB semi-classical limit: quite instructive
■  take Ψn ≃ An exp

(

iSn − 1
2

∫

ds∇2Sn

)

,
■  each Ψn has a conserved current

Jn ≃ |An|2∇Sn ⇔ ∇XJ
X
n = 0,

dP = J
X
n dΣX ,

being a conserved probability measure
■ For a set of trajectories near the classical trajectory the

probability density is positive-definite.
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Cases again...

■ integrating dP = JXn dΣX on the surface separating the
tunneling and oscillatory regions (where about a2V (φ) = 1).

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 16

Cases again...

■ integrating dP = JXn dΣX on the surface separating the
tunneling and oscillatory regions (where about a2V (φ) = 1).

■ φ̇ ≃ 0, hence J ∼ ∇a,
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Cases again...

■ integrating dP = JXn dΣX on the surface separating the
tunneling and oscillatory regions (where about a2V (φ) = 1).

■ φ̇ ≃ 0, hence J ∼ ∇a,
■

dP = J · dΣ ∼







exp
(

+2
3V (φ)

)

← ΨHH

exp
(

−2
3V (φ)

)

← ΨV

.

P (φ0 > φsuf | φ1 < φ0 < φ2) =

∫ φ2

φsuff
dφ0 exp

(

±2
3V (φ0)

)

∫ φ2

φ1
dφ0 exp

(

±2
3V (φ0)

) ,
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Cases again...

■ integrating dP = JXn dΣX on the surface separating the
tunneling and oscillatory regions (where about a2V (φ) = 1).

■ φ̇ ≃ 0, hence J ∼ ∇a,
■

dP = J · dΣ ∼







exp
(

+2
3V (φ)

)

← ΨHH

exp
(

−2
3V (φ)

)

← ΨV

.

P (φ0 > φsuf | φ1 < φ0 < φ2) =

∫ φ2

φsuff
dφ0 exp

(

±2
3V (φ0)

)

∫ φ2

φ1
dφ0 exp

(

±2
3V (φ0)

) ,

■ and
◆ ’no-boundary’: a probability P ≃ 1, obtained;
◆ parameters employed, values go beyond the Planck

scale, approximation will no longer apply...;
◆ Calculations are model-dependent, both ΨHH and ΨV

lead P ∼ 1...
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Topics to revise
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Outlook again...

■ So,
1. What are the semiclassical elements extractable?
2. How can we describe quantum gravitational corrections

into a semiclassical background?

3. Can QC become ‘observational’?
4. What is ’decoherence’?
5. What is the relevance of the Bunch-Davies vacuum?
6. Can inflation and the primordial seeds for structure

formation be (satisfactorily) predicted from a wave
function of the universe (whatever or with just some
boundary conditions)?
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N=2 SUSY
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QC SUSY part-I

■ Starting from
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QC SUSY part-I

■ Starting from
■  bosonic configurations
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QC SUSY part-I

■ Starting from
■  bosonic configurations
■  General Relativity or bosonic sector (strings)
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QC SUSY part-I

■ Starting from
■  bosonic configurations
■  General Relativity or bosonic sector (strings)
■ Setting:

ds2 = −N 2(t)dt2 + hij(t)ω
iωj

hij(t) =
1

6π
e2α(t)

[

e2β(t)
]

ij
=

1

6π
e2β

i

δij,

βij(t) ≡ diag(β+ +
√
3β−, β+ −

√
3β−,−2β+)
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QC SUSY part-I

■ Hamiltonian

H =
1

2
(−p2α + p2+ + p2−) + U (0)(α, β+, β−)

=
3

2

[

(p1)
2 + (p2)

2 + (p3)
2 − 2p1p2 − 2p1p3 − 2p2p3

]

+ U (0)(β1, β2, β3), (1)
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QC SUSY part-I

■ Hamiltonian

H =
1

2
(−p2α + p2+ + p2−) + U (0)(α, β+, β−)

=
3

2

[

(p1)
2 + (p2)

2 + (p3)
2 − 2p1p2 − 2p1p3 − 2p2p3

]

+ U (0)(β1, β2, β3), (1)

■ U (0) ≡ −12π2 h(3)R

type I : U
(0)
I ≡ 0 (2)

type II : U
(0)
II ≡

1

6
e4αe−8β+ =

1

6
e4β

3

, (3)

type IX : U
(0)
IX ≡

1

6
e4α

[

2e4β+(cosh(4
√
3β−)− 1) + e−8β+

−4e−2β+ cosh(2
√
3β−)

]

=
1

6

[

e4β
1

+ e4β
2

+ e4β
3 − 2e2β

1+2β2
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QC SUSY part-I

■ Hidden supersymmetry (SUSY)
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QC SUSY part-I

■ Hidden supersymmetry (SUSY)
■ Retrieved when potential U(q) is derivable from a

superpotential W(q)
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QC SUSY part-I

■ Hidden supersymmetry (SUSY)
■ Retrieved when potential U(q) is derivable from a

superpotential W(q)

■

U(q) =
1

2
GXY (q)

∂W(q)

∂qX
∂W(q)

∂qY
,
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QC SUSY part-I

■ Hidden supersymmetry (SUSY)
■ Retrieved when potential U(q) is derivable from a

superpotential W(q)

■

U(q) =
1

2
GXY (q)

∂W(q)

∂qX
∂W(q)

∂qY
,

■  Hamilton-Jacobi equation
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QC SUSY part-I

■ Hidden supersymmetry (SUSY)
■ Retrieved when potential U(q) is derivable from a

superpotential W(q)

■

U(q) =
1

2
GXY (q)

∂W(q)

∂qX
∂W(q)

∂qY
,

■  Hamilton-Jacobi equation
■  Euclidean time
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QC SUSY part-I

■ Hidden supersymmetry (SUSY)
■ Retrieved when potential U(q) is derivable from a

superpotential W(q)

■

U(q) =
1

2
GXY (q)

∂W(q)

∂qX
∂W(q)

∂qY
,

■  Hamilton-Jacobi equation
■  Euclidean time
■ Euclidean action
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QC SUSY part-I

■ Superpotentials W

◆ Bianchi type I:
WI ≡ 0;

◆ Bianchi type II:

WII ≡
1

6
e2α−4β+ =

1

6
e2β

3

;

◆ Bianchi type IX:

W
(0)
IX ≡ 1

6
e2α

[

2e2β+ cosh 2
√
3β− + e−4β+

]

=
1

6

(

e2β
1

+ e2β
2

+ e2β
3
)

; (1)
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QC SUSY part-I

■ Classical Hamiltonian

Hc =
1

2
GXY (q)

(

pXpY +
∂W

∂qX
∂W

∂qY

)

.
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QC SUSY part-I

■ Classical Hamiltonian

Hc =
1

2
GXY (q)

(

pXpY +
∂W

∂qX
∂W

∂qY

)

.

■ Quantum Hamiltonian H,

2H = S̃S + SS̃

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 20

QC SUSY part-I

■ Classical Hamiltonian

Hc =
1

2
GXY (q)

(

pXpY +
∂W

∂qX
∂W

∂qY

)

.

■ Quantum Hamiltonian H,

2H = S̃S + SS̃

■ where S, S̃ are linear operators satisfying

S2 = 0 = S̃2.
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QC SUSY part-I

■ The operators S and S̃ have the explicit form

S ≡ ψxex
Y (q)

(

πY + i
∂W

∂qY

)

(1)

S̃ ≡ ψ̄xe
xY (q)

(

πY − i
∂W

∂qY

)

, (2)
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QC SUSY part-I

■ The operators S and S̃ have the explicit form

S ≡ ψxex
Y (q)

(

πY + i
∂W

∂qY

)

(1)

S̃ ≡ ψ̄xe
xY (q)

(

πY − i
∂W

∂qY

)

, (2)

■ ex
Y (q) ≡ e−Ω̃δYx is the minisuperspace vielbein associated

with GXY (q)
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QC SUSY part-I

■ The operators S and S̃ have the explicit form

S ≡ ψxex
Y (q)

(

πY + i
∂W

∂qY

)

(1)

S̃ ≡ ψ̄xe
xY (q)

(

πY − i
∂W

∂qY

)

, (2)

■ ex
Y (q) ≡ e−Ω̃δYx is the minisuperspace vielbein associated

with GXY (q)

■ They satisfy exY (q)eyX(q)ηxy ≡ GXY (q),
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QC SUSY part-I

■ ηxy is the local ‘Lorentz’ metric at the minisuperspace
tangent section.
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QC SUSY part-I

■ ηxy is the local ‘Lorentz’ metric at the minisuperspace
tangent section.

■ The ψx and their adjoint ψ̄x are fermionic operators,
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QC SUSY part-I

■ ηxy is the local ‘Lorentz’ metric at the minisuperspace
tangent section.

■ The ψx and their adjoint ψ̄x are fermionic operators,
■  constituting Grassmannian (odd) partners of the qX ,
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QC SUSY part-I

■ ηxy is the local ‘Lorentz’ metric at the minisuperspace
tangent section.

■ The ψx and their adjoint ψ̄x are fermionic operators,
■  constituting Grassmannian (odd) partners of the qX ,
■ Therefore : introducing fermionic (!) minisuperspace

degrees of freedom and enlarging the (minisuperspace)
configuration space,
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QC SUSY part-I

■ ηxy is the local ‘Lorentz’ metric at the minisuperspace
tangent section.

■ The ψx and their adjoint ψ̄x are fermionic operators,
■  constituting Grassmannian (odd) partners of the qX ,
■ Therefore : introducing fermionic (!) minisuperspace

degrees of freedom and enlarging the (minisuperspace)
configuration space,

■ satisfying

{ψx, ψy} = 0 =
{

ψ̄x, ψ̄y

}

(1)
{

ψx, ψ̄y

}

= δxy . (2)
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QC SUSY part-I

■ Hamiltonian

H = −~
2

2 GXY ∂
∂qY

∂
∂qX + 1

2GY X ∂W
∂qY

∂W
∂qX

+~

2 ex
Y ey

X ∂2
W

∂qY ∂qX [ψ̄x, ψy]
;
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QC SUSY part-I

■ Hamiltonian

H = −~
2

2 GXY ∂
∂qY

∂
∂qX + 1

2GY X ∂W
∂qY

∂W
∂qX

+~

2 ex
Y ey

X ∂2
W

∂qY ∂qX [ψ̄x, ψy]
;

■ Fermion number
F ≡ ψ̄xψ

x
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QC SUSY part-I

■ Hamiltonian

H = −~
2

2 GXY ∂
∂qY

∂
∂qX + 1

2GY X ∂W
∂qY

∂W
∂qX

+~

2 ex
Y ey

X ∂2
W

∂qY ∂qX [ψ̄x, ψy]
;

■ Fermion number
F ≡ ψ̄xψ

x

■ Conserved:
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QC SUSY part-I

■ Hamiltonian

H = −~
2

2 GXY ∂
∂qY

∂
∂qX + 1

2GY X ∂W
∂qY

∂W
∂qX

+~

2 ex
Y ey

X ∂2
W

∂qY ∂qX [ψ̄x, ψy]
;

■ Fermion number
F ≡ ψ̄xψ

x

■ Conserved:
■

[H,F ] = 0, [S,F ] = S, [S̃,F ] = −S̃.
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QC SUSY part-I

■ E.g., Empty Matter Sector :
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QC SUSY part-I

■ E.g., Empty Matter Sector :
■  Simpler but illustrative case
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QC SUSY part-I

■ E.g., Empty Matter Sector :
■  Simpler but illustrative case
■ SUSY constraints:

S0 = ψxeYx

(

−i ∂

∂qY
+ iω y

Y zψ̄yψ
z + i

∂W

∂qY

)

, (1)

S̃0 = ψ̄xe
xY

(

−i ∂

∂qY
+ iω y

Y zψ̄bψ
z − i ∂W

∂qY

)

, (2)
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QC SUSY part-I

■ E.g., Empty Matter Sector :
■  Simpler but illustrative case
■ SUSY constraints:

S0 = ψxeYx

(

−i ∂

∂qY
+ iω y

Y zψ̄yψ
z + i

∂W

∂qY

)

, (1)

S̃0 = ψ̄xe
xY

(

−i ∂

∂qY
+ iω y

Y zψ̄bψ
z − i ∂W

∂qY

)

, (2)

■ In more detail...

S0 = i

{

ψ0
(

−~ ∂
∂α + ∂W

∂α

)

+ ψ1
(

−~ ∂
∂β+

+ ∂W
∂β+

)

+ ψ2
(

−~ ∂
∂β−

+ ∂W
∂β−

)

}

S̃0 = i

{

ψ̄0

(

~
∂
∂α + ∂W

∂α

)

+ ψ̄1

(

−~ ∂
∂β+
− ∂W

∂β+

)

+ ψ̄2
(

−~ ∂
∂β+
− ∂W

∂β−

)

}

.
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QC SUSY part-I

■ Quantum states
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QC SUSY part-I

■ Quantum states
■ Use:

ψ̄Y = θY , ψY = GXY ∂

∂θY
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QC SUSY part-I

■ Quantum states
■ Use:

ψ̄Y = θY , ψY = GXY ∂

∂θY

■ Wave function:

Ψ ≡ A+ + BY θ
Y +

1

2
ǫXY Z C

Z θX θY + A− θ
0 θ1 θ2,
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QC SUSY part-I

■ Quantum states
■ Use:

ψ̄Y = θY , ψY = GXY ∂

∂θY

■ Wave function:

Ψ ≡ A+ + BY θ
Y +

1

2
ǫXY Z C

Z θX θY + A− θ
0 θ1 θ2,

■ Allowed physical states

S Ψ = 0, S̄ Ψ = 0.
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QC SUSY part-I

■ Quantum states
■ Use:

ψ̄Y = θY , ψY = GXY ∂

∂θY

■ Wave function:

Ψ ≡ A+ + BY θ
Y +

1

2
ǫXY Z C

Z θX θY + A− θ
0 θ1 θ2,

■ Allowed physical states

S Ψ = 0, S̄ Ψ = 0.

■ Solutions

A± = q± e
∓W, BX ≡

∂f+
∂qX

e−W, CY ≡ GY X ∂f−
∂qX

eW,
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QC SUSY part-I

■ Quantum states
■ Use:

ψ̄Y = θY , ψY = GXY ∂

∂θY

■ Wave function:

Ψ ≡ A+ + BY θ
Y +

1

2
ǫXY Z C

Z θX θY + A− θ
0 θ1 θ2,

■ Allowed physical states

S Ψ = 0, S̄ Ψ = 0.

■ Solutions

A± = q± e
∓W, BX ≡

∂f+
∂qX

e−W, CY ≡ GY X ∂f−
∂qX

eW,
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QC SUSY part-I

■ Scalar-tensor gravity theories
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QC SUSY part-I

■ Scalar-tensor gravity theories
■  Low energy limit string theory
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QC SUSY part-I

■ Scalar-tensor gravity theories
■  Low energy limit string theory
■  scale factor duality
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QC SUSY part-I

■ Scalar-tensor gravity theories
■  Low energy limit string theory
■  scale factor duality
■

S =

∫

dDx
√−gd−φ

[

R − ω (∇φ)2 − 2Λ
]

,
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QC SUSY part-I

■ Scalar-tensor gravity theories
■  Low energy limit string theory
■  scale factor duality
■

S =

∫

dDx
√−gd−φ

[

R − ω (∇φ)2 − 2Λ
]

,

■ φ represents the dilaton field
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QC SUSY part-I

■ Scalar-tensor gravity theories
■  Low energy limit string theory
■  scale factor duality
■

S =

∫

dDx
√−gd−φ

[

R − ω (∇φ)2 − 2Λ
]

,

■ φ represents the dilaton field
■

S =

∫

dte(D−1)α−φ

[

1

N
(

−(D − 1)(D − 2)α̇2 + 2(D − 1)α̇φ̇+ ωφ̇2
)

− 2NΛ
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QC SUSY part-I

■ Define

x ≡ exp

[(

D − 1

2
+
γ

2

)(

α+
1

D − 2

(

1

γ
− 1

)

φ

)]

,

y ≡ exp

[(

D − 1

2
− γ

2

)(

α− 1

D − 2

(

1

γ
+ 1

)

φ

)]

, (1)

γ ≡
[

D − 1

D − 1 + (D − 2)ω

]1/2

.
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QC SUSY part-I

■ Define

x ≡ exp

[(

D − 1

2
+
γ

2

)(

α+
1

D − 2

(

1

γ
− 1

)

φ

)]

,

y ≡ exp

[(

D − 1

2
− γ

2

)(

α− 1

D − 2

(

1

γ
+ 1

)

φ

)]

, (1)

γ ≡
[

D − 1

D − 1 + (D − 2)ω

]1/2

.

■ A second coordinate pair

w ≡ ǫ1/2
[

D − 1 + (D − 2)ω

D + (D − 1)ω

]1/2

(x− y)

z ≡ ǫ1/2
[

D − 1 + (D − 2)ω

D + (D − 1)ω

]1/2

(x+ y), (2)
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QC SUSY part-I

■ Brings the action into

S =
1

ǫ

∫

dt

[

1

N
(

ẇ2 − ż2
)

− Υ

4

(

w2 − z2
)

N
]

,
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QC SUSY part-I

■ Brings the action into

S =
1

ǫ

∫

dt

[

1

N
(

ẇ2 − ż2
)

− Υ

4

(

w2 − z2
)

N
]

,

■ where

Υ ≡ −2Λ
[

D + (D − 1)ω

D − 1 + (D − 2)ω

]

.
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QC SUSY part-I

■ Brings the action into

S =
1

ǫ

∫

dt

[

1

N
(

ẇ2 − ż2
)

− Υ

4

(

w2 − z2
)

N
]

,

■ where

Υ ≡ −2Λ
[

D + (D − 1)ω

D − 1 + (D − 2)ω

]

.

■ Constrained oscillator-ghost-oscillator pair when Υ > 0
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QC SUSY part-I

■ Brings the action into

S =
1

ǫ

∫

dt

[

1

N
(

ẇ2 − ż2
)

− Υ

4

(

w2 − z2
)

N
]

,

■ where

Υ ≡ −2Λ
[

D + (D − 1)ω

D − 1 + (D − 2)ω

]

.

■ Constrained oscillator-ghost-oscillator pair when Υ > 0

■ The scale factor duality invariance becomes x↔ y.
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QC SUSY part-I

■ Classical Hamiltonian

2Hc = GXY pXpY + U(qX) = 0,
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QC SUSY part-I

■ Classical Hamiltonian

2Hc = GXY pXpY + U(qX) = 0,

■ X, Y = 0, 1, and GXY = diag[−1/2, 1/2] with q0 = w and
q1 = z.
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QC SUSY part-I

■ Classical Hamiltonian

2Hc = GXY pXpY + U(qX) = 0,

■ X, Y = 0, 1, and GXY = diag[−1/2, 1/2] with q0 = w and
q1 = z.

■ Momenta conjugate p0 = 2ẇ/N and p1 = −2ż/N ,
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QC SUSY part-I

■ Classical Hamiltonian

2Hc = GXY pXpY + U(qX) = 0,

■ X, Y = 0, 1, and GXY = diag[−1/2, 1/2] with q0 = w and
q1 = z.

■ Momenta conjugate p0 = 2ẇ/N and p1 = −2ż/N ,
■ Potential is given by

U = −Υ(w2 − z2)/2.
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QC SUSY part-I

■ Wheeler–DeWitt equation
[

∂2

∂w2
− ∂2

∂z2
− p(w2 − z2)

]

Ψ = 0
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QC SUSY part-I

■ Wheeler–DeWitt equation
[

∂2

∂w2
− ∂2

∂z2
− p(w2 − z2)

]

Ψ = 0

■ Solutions

Ψn = Hn(Υ
1/4w)Hn(Υ

1/4z)e−
√
Υ(w2+z2)/2,
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QC SUSY part-I

■ Hidden supersymmetry...

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 20

QC SUSY part-I

■ Hidden supersymmetry...
■

GXY ∂W

∂qX
∂W

∂qY
= U,
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QC SUSY part-I

■ Hidden supersymmetry...
■

GXY ∂W

∂qX
∂W

∂qY
= U,

■ With...
W =

√
Υ(w2 + z2)/2,
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QC SUSY part-I

■ Hidden supersymmetry...
■

GXY ∂W

∂qX
∂W

∂qY
= U,

■ With...
W =

√
Υ(w2 + z2)/2,

■ SUSY constraints

S ≡ ψX

(

pX + i
∂W

∂qX

)

, S̄ ≡ ψ̄X

(

pX − i
∂W

∂qX

)

,
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QC SUSY part-I

■ Hidden supersymmetry...
■

GXY ∂W

∂qX
∂W

∂qY
= U,

■ With...
W =

√
Υ(w2 + z2)/2,

■ SUSY constraints

S ≡ ψX

(

pX + i
∂W

∂qX

)

, S̄ ≡ ψ̄X

(

pX − i
∂W

∂qX

)

,

■ Spinor algebra
{

ψX , ψY
}

=
{

ψ̄X , ψ̄Y
}

= 0,
[

ψX , ψ̄Y
}

= GXY
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QC SUSY part-I

■ Representation:

ψ̄X = θX , ψX = GXY ∂/∂θY
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QC SUSY part-I

■ Representation:

ψ̄X = θX , ψX = GXY ∂/∂θY

■ SUSY wavefunction

Ψ = A+ + B0θ
0 + B1θ

1 + A−θ
0θ1,
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QC SUSY part-I

■ Representation:

ψ̄X = θX , ψX = GXY ∂/∂θY

■ SUSY wavefunction

Ψ = A+ + B0θ
0 + B1θ

1 + A−θ
0θ1,

■ A±, B0 and B1 are functions of (w, z) .
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■ Representation:

ψ̄X = θX , ψX = GXY ∂/∂θY

■ SUSY wavefunction

Ψ = A+ + B0θ
0 + B1θ

1 + A−θ
0θ1,

■ A±, B0 and B1 are functions of (w, z) .
■ From SΨ = S̄Ψ = 0
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QC SUSY part-I

■ Representation:

ψ̄X = θX , ψX = GXY ∂/∂θY

■ SUSY wavefunction

Ψ = A+ + B0θ
0 + B1θ

1 + A−θ
0θ1,

■ A±, B0 and B1 are functions of (w, z) .
■ From SΨ = S̄Ψ = 0

■

Ψ = e−W + 2nΥ1/4
[

Hn−1

(

Υ1/4w
)

Hn

(

Υ1/4z
)

θ0

+Hn

(

Υ1/4w
)

Hn−1

(

Υ1/4z
)

θ1
]

e−W + eWθ0θ1, (1)
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QC SUSY part-I

■ Representation:

ψ̄X = θX , ψX = GXY ∂/∂θY

■ SUSY wavefunction

Ψ = A+ + B0θ
0 + B1θ

1 + A−θ
0θ1,

■ A±, B0 and B1 are functions of (w, z) .
■ From SΨ = S̄Ψ = 0

■

Ψ = e−W + 2nΥ1/4
[

Hn−1

(

Υ1/4w
)

Hn

(

Υ1/4z
)

θ0

+Hn

(

Υ1/4w
)

Hn−1

(

Υ1/4z
)

θ1
]

e−W + eWθ0θ1, (1)

■ A± empty and filled fermion sectors
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SQC and SUGRA
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SQC SUGRA

■ Important “section”...
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SQC SUGRA

■ Important “section”...
■ ... reduction of 4-dimensional canonical quantum N = 1

SUGRA
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SQC SUGRA

■ Important “section”...
■ ... reduction of 4-dimensional canonical quantum N = 1

SUGRA
■ E.g., FRW models:
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■ Important “section”...
■ ... reduction of 4-dimensional canonical quantum N = 1

SUGRA
■ E.g., FRW models:
■  simplest
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■ ... reduction of 4-dimensional canonical quantum N = 1

SUGRA
■ E.g., FRW models:
■  simplest
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SQC SUGRA

■ Important “section”...
■ ... reduction of 4-dimensional canonical quantum N = 1

SUGRA
■ E.g., FRW models:
■  simplest
■  ‘bottom-up’
■ (prudent) approach on (i) how SQC research should

proceeded, (ii) methods that are to be applied and (iii) the
results retrieved: general? Useful?
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SQC SUGRA

■ Important “section”...
■ ... reduction of 4-dimensional canonical quantum N = 1

SUGRA
■ E.g., FRW models:
■  simplest
■  ‘bottom-up’
■ (prudent) approach on (i) how SQC research should

proceeded, (ii) methods that are to be applied and (iii) the
results retrieved: general? Useful?

■ FRW Minisuperspace Reduction Ansätse: Consistent with
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SQC SUGRA

■ Important “section”...
■ ... reduction of 4-dimensional canonical quantum N = 1

SUGRA
■ E.g., FRW models:
■  simplest
■  ‘bottom-up’
■ (prudent) approach on (i) how SQC research should

proceeded, (ii) methods that are to be applied and (iii) the
results retrieved: general? Useful?

■ FRW Minisuperspace Reduction Ansätse: Consistent with
■  supersymmetry,
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SQC SUGRA

■ Important “section”...
■ ... reduction of 4-dimensional canonical quantum N = 1

SUGRA
■ E.g., FRW models:
■  simplest
■  ‘bottom-up’
■ (prudent) approach on (i) how SQC research should

proceeded, (ii) methods that are to be applied and (iii) the
results retrieved: general? Useful?

■ FRW Minisuperspace Reduction Ansätse: Consistent with
■  supersymmetry,
■  Lorentz

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 22

SQC SUGRA

■ Important “section”...
■ ... reduction of 4-dimensional canonical quantum N = 1

SUGRA
■ E.g., FRW models:
■  simplest
■  ‘bottom-up’
■ (prudent) approach on (i) how SQC research should

proceeded, (ii) methods that are to be applied and (iii) the
results retrieved: general? Useful?

■ FRW Minisuperspace Reduction Ansätse: Consistent with
■  supersymmetry,
■  Lorentz
■  general coordinate transformations,
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SQC SUGRA

■ Important “section”...
■ ... reduction of 4-dimensional canonical quantum N = 1

SUGRA
■ E.g., FRW models:
■  simplest
■  ‘bottom-up’
■ (prudent) approach on (i) how SQC research should

proceeded, (ii) methods that are to be applied and (iii) the
results retrieved: general? Useful?

■ FRW Minisuperspace Reduction Ansätse: Consistent with
■  supersymmetry,
■  Lorentz
■  general coordinate transformations,
■ Purpose: minisuperspace that will inherit invariance under

local time translations, supersymmetry and Lorentz
transformation.
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SQC SUGRA

■ Tetrad and Gravitino Ansätze :
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SQC SUGRA

■ Tetrad and Gravitino Ansätze :
■ Closed (k = +1) FRW universes have S3 spatial sections.
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SQC SUGRA

■ Tetrad and Gravitino Ansätze :
■ Closed (k = +1) FRW universes have S3 spatial sections.

■ Tetrad eAA′

µ = eaµσ
AA′

a (in 2-spinor notation)

eaµ =

[

N (τ) 0

0 a(τ)eâi

]

, eaµ =

[

N (τ)−1 0

0 a(τ)−1eâi

]

,
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SQC SUGRA

■ Tetrad and Gravitino Ansätze :
■ Closed (k = +1) FRW universes have S3 spatial sections.

■ Tetrad eAA′

µ = eaµσ
AA′

a (in 2-spinor notation)

eaµ =

[

N (τ) 0

0 a(τ)eâi

]

, eaµ =

[

N (τ)−1 0

0 a(τ)−1eâi

]

,

■ For ψA
µ and ψ̄A′

µ
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SQC SUGRA

■ Tetrad and Gravitino Ansätze :
■ Closed (k = +1) FRW universes have S3 spatial sections.

■ Tetrad eAA′

µ = eaµσ
AA′

a (in 2-spinor notation)

eaµ =

[

N (τ) 0

0 a(τ)eâi

]

, eaµ =

[

N (τ)−1 0

0 a(τ)−1eâi

]

,

■ For ψA
µ and ψ̄A′

µ

■  ψA
0 and ψ̄A′

0 to be functions of time only.
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SQC SUGRA

■ Tetrad and Gravitino Ansätze :
■ Closed (k = +1) FRW universes have S3 spatial sections.

■ Tetrad eAA′

µ = eaµσ
AA′

a (in 2-spinor notation)

eaµ =

[

N (τ) 0

0 a(τ)eâi

]

, eaµ =

[

N (τ)−1 0

0 a(τ)−1eâi

]

,

■ For ψA
µ and ψ̄A′

µ

■  ψA
0 and ψ̄A′

0 to be functions of time only.
■ Furthermore

ψA
i = eAA′

i ψ̄A′ , ψ̄A′

i = eAA′

iψA ,

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 22

SQC SUGRA

■ Action:
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SQC SUGRA

■ Action:
■  integration over the spatial hypersurfaces
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SQC SUGRA

■ Action:
■  integration over the spatial hypersurfaces
■  minisuperspace with N = 4 local supersymmetry and

time-invariance reparametrization
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SQC SUGRA

■ Action:
■  integration over the spatial hypersurfaces
■  minisuperspace with N = 4 local supersymmetry and

time-invariance reparametrization
■ (obvious!) Elimination of (the presence) of spatial indices by

contraction.
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SQC SUGRA

■ Action:
■  integration over the spatial hypersurfaces
■  minisuperspace with N = 4 local supersymmetry and

time-invariance reparametrization
■ (obvious!) Elimination of (the presence) of spatial indices by

contraction.
■

Lfree = −3a

N

[

ȧ− i

4

(

ψ̄0A′ ψ̄A′ − ψAψ0A

)

]2

−i3
2
a3nAA′ψAψ̄A − i3

2
a3nAA′ ψ̄Aψ̇A + 3Na

+
3

2
a2
(

ψ̄0A′ ψ̄A′

+ ψAψ0A

)

− 3

2
Na2nAA′

ψAψ̄A′

+
3

16
a3nAA′

(

ψ̄0A′ψAψ̄
B′

ψ̄B′ + ψ0Aψ̄A′ψBψB

)

.(2)
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SQC SUGRA

■ Hamiltonian

H = NH + ψA
0 SA + S̄A′ ψ̄A′

0 +MABJAB + M̄A′B′J̄A′B′ ,
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SQC SUGRA

■ Hamiltonian

H = NH + ψA
0 SA + S̄A′ ψ̄A′

0 +MABJAB + M̄A′B′J̄A′B′ ,

■ ψA
0 , ψ̄

A′

0 together withMAB,M̄A′B′

are Lagrange
multipliers.
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SQC SUGRA

■ Hamiltonian

H = NH + ψA
0 SA + S̄A′ ψ̄A′

0 +MABJAB + M̄A′B′J̄A′B′ ,

■ ψA
0 , ψ̄

A′

0 together withMAB,M̄A′B′

are Lagrange
multipliers.

■ H⊥ ≡ H Hamiltonian constraint, SA, S̄A′ and JAB, J̄A′B′

denote, respectively, the supersymmetry and Lorentz
constraints
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SQC SUGRA

■ Hamiltonian

H = NH + ψA
0 SA + S̄A′ ψ̄A′

0 +MABJAB + M̄A′B′J̄A′B′ ,

■ ψA
0 , ψ̄

A′

0 together withMAB,M̄A′B′

are Lagrange
multipliers.

■ H⊥ ≡ H Hamiltonian constraint, SA, S̄A′ and JAB, J̄A′B′

denote, respectively, the supersymmetry and Lorentz
constraints

■ Full set of constraints takes a rather simple form

SA = ψAπa − 6iaψa, (2)

H = −a−1(π2
a + 36a2), (3)

S̄A′ = ψ̄A′πa + 6iaψ̄A′ , (4)

JAB = ψ(Aψ̄
B′

nB)B′ . (5)
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SQC SUGRA

■ Hamiltonian

H = NH + ψA
0 SA + S̄A′ ψ̄A′

0 +MABJAB + M̄A′B′J̄A′B′ ,

■ ψA
0 , ψ̄

A′

0 together withMAB,M̄A′B′

are Lagrange
multipliers.

■ H⊥ ≡ H Hamiltonian constraint, SA, S̄A′ and JAB, J̄A′B′

denote, respectively, the supersymmetry and Lorentz
constraints

■ Full set of constraints takes a rather simple form

SA = ψAπa − 6iaψa, (2)

H = −a−1(π2
a + 36a2), (3)

S̄A′ = ψ̄A′πa + 6iaψ̄A′ , (4)

JAB = ψ(Aψ̄
B′

nB)B′ . (5)

■ The presence of the free parameters ρA, ρ̄A′ shows that this
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SQC SUGRA

■ E.g., Quantum States for the Vacuum Case
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SQC SUGRA

■ E.g., Quantum States for the Vacuum Case
■ Momentum variables are represented as

ψ̄A →
∂

∂ψA
, πa → −i

∂

∂a
.
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SQC SUGRA

■ E.g., Quantum States for the Vacuum Case
■ Momentum variables are represented as

ψ̄A →
∂

∂ψA
, πa → −i

∂

∂a
.

■ SUSY constraints:

SA = − 1

2
√
3
aψA

∂

∂a
−
√
3a2ψA,

S̄A =
1

2
√
3
a
∂

∂a

∂

∂ψA
−
√
3a2

∂

∂ψA
. (2)
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SQC SUGRA

■ E.g., Quantum States for the Vacuum Case
■ Momentum variables are represented as

ψ̄A →
∂

∂ψA
, πa → −i

∂

∂a
.

■ SUSY constraints:

SA = − 1

2
√
3
aψA

∂

∂a
−
√
3a2ψA,

S̄A =
1

2
√
3
a
∂

∂a

∂

∂ψA
−
√
3a2

∂

∂ψA
. (2)

■ Lorentz:

JAB = ψ(A
∂

∂ψB)
.
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SQC SUGRA

■ Wave function:

ΨFRW
SUSY = A(a) + B(a)ψFψF . (2)
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SQC SUGRA

■ Wave function:

ΨFRW
SUSY = A(a) + B(a)ψFψF . (2)

■ Equations to solve: SAΨ = 0, S̄AΨ = 0

a√
3
∂aB− 2

√
3a2B = 0,

a√
3
∂aA+ 2

√
3a2A = 0.
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SQC SUGRA

■ Wave function:

ΨFRW
SUSY = A(a) + B(a)ψFψF . (2)

■ Equations to solve: SAΨ = 0, S̄AΨ = 0

a√
3
∂aB− 2

√
3a2B = 0,

a√
3
∂aA+ 2

√
3a2A = 0.

■ Solutions are

Ψ = A0 exp[−3a2/~] + B0 exp[3a
2/~]ψAψ

A ,
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SQC SUGRA

■ Wave function:

ΨFRW
SUSY = A(a) + B(a)ψFψF . (2)

■ Equations to solve: SAΨ = 0, S̄AΨ = 0

a√
3
∂aB− 2

√
3a2B = 0,

a√
3
∂aA+ 2

√
3a2A = 0.

■ Solutions are

Ψ = A0 exp[−3a2/~] + B0 exp[3a
2/~]ψAψ

A ,

■ A0 and B0 are independent of a and ψA.
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SQC SUGRA

■ Wave function:

ΨFRW
SUSY = A(a) + B(a)ψFψF . (2)

■ Equations to solve: SAΨ = 0, S̄AΨ = 0

a√
3
∂aB− 2

√
3a2B = 0,

a√
3
∂aA+ 2

√
3a2A = 0.

■ Solutions are

Ψ = A0 exp[−3a2/~] + B0 exp[3a
2/~]ψAψ

A ,

■ A0 and B0 are independent of a and ψA.
■ Semi-classical interpretation as exp(−I/~)
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SQC SUGRA

■ Wave function:

ΨFRW
SUSY = A(a) + B(a)ψFψF . (2)

■ Equations to solve: SAΨ = 0, S̄AΨ = 0

a√
3
∂aB− 2

√
3a2B = 0,

a√
3
∂aA+ 2

√
3a2A = 0.

■ Solutions are

Ψ = A0 exp[−3a2/~] + B0 exp[3a
2/~]ψAψ

A ,

■ A0 and B0 are independent of a and ψA.
■ Semi-classical interpretation as exp(−I/~)
■ I.e., we get a Hartle–Hawking solution for B = 0
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Can it be real?!
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Semiclassical Expansion

■ ... if (and how) our physical (observed) universe can be
retrieved from SQC physical states
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Semiclassical Expansion

■ ... if (and how) our physical (observed) universe can be
retrieved from SQC physical states

■ N=1 SUGRA

http://www.dfis.ubi.pt/$\sim $pmoniz


Paulo Vargas Moniz; Vitória / Rio de Janeiro - 2011 Quantum Cosmology - p. 24

Semiclassical Expansion

■ ... if (and how) our physical (observed) universe can be
retrieved from SQC physical states

■ N=1 SUGRA
■

Ψ[e, ψ, φ] ≡ exp

(

i

~
S[e, ψ, φ]

)

,
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Semiclassical Expansion

■ ... if (and how) our physical (observed) universe can be
retrieved from SQC physical states

■ N=1 SUGRA
■

Ψ[e, ψ, φ] ≡ exp

(

i

~
S[e, ψ, φ]

)

,

■

S[e, ψ, φ] ≡
∞
∑

n=0

Sn[e, ψ, φ]G
n−1 .
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Semiclassical Expansion

■ ... if (and how) our physical (observed) universe can be
retrieved from SQC physical states

■ N=1 SUGRA
■

Ψ[e, ψ, φ] ≡ exp

(

i

~
S[e, ψ, φ]

)

,

■

S[e, ψ, φ] ≡
∞
∑

n=0

Sn[e, ψ, φ]G
n−1 .

■ The lowest order, G−2, implies (as in the bosonic case) that
S0 is independent on the matter field φ. In more formal
terms, S0 ≡ S0[e, ψ].
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Semiclassical Expansion

■ At order G−1
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Semiclassical Expansion

■ At order G−1

■  Hamilton–Jacobi equation
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Semiclassical Expansion

■ At order G−1

■  Hamilton–Jacobi equation
■

1

2
Gijkl

δSbos
0

δhij

δSbos
0

δhkl
+ 64πnAA′

∂ieAA′j
δSbos

0

δhij
+ Ubos = 0 .
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Semiclassical Expansion

■ At order G−1

■  Hamilton–Jacobi equation
■

1

2
Gijkl

δSbos
0

δhij

δSbos
0

δhkl
+ 64πnAA′

∂ieAA′j
δSbos

0

δhij
+ Ubos = 0 .

■ ... S0[e, ψ] = B0[e] + F0[e, ψ]
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■ SuperRiem(Σ) constitutes the direct sum of the tetrad space
and the gravitino space
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j ) ≡ qa.

■ Indices starting with a are ‘condensed’ super indices which
run through all bosonic and fermionic degrees of freedom.
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Semiclassical Expansion

■ The DeWitt Supermetric
■ Metric on the space SuperRiem(Σ)

■ SuperRiem(Σ) constitutes the direct sum of the tetrad space
and the gravitino space

■ ... vectors of the form (eAA′i, ψB
j ) ≡ qa.

■ Indices starting with a are ‘condensed’ super indices which
run through all bosonic and fermionic degrees of freedom.

■ In block form

Gsab ≡
(

B M1

M2 F

)

.
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■ Metric on the space SuperRiem(Σ)

■ SuperRiem(Σ) constitutes the direct sum of the tetrad space
and the gravitino space

■ ... vectors of the form (eAA′i, ψB
j ) ≡ qa.

■ Indices starting with a are ‘condensed’ super indices which
run through all bosonic and fermionic degrees of freedom.

■ In block form

Gsab ≡
(

B M1

M2 F

)

.

■ B and F correspond to the pure bosonic and pure fermionic
part, respectively;
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Semiclassical Expansion

■ The DeWitt Supermetric
■ Metric on the space SuperRiem(Σ)

■ SuperRiem(Σ) constitutes the direct sum of the tetrad space
and the gravitino space

■ ... vectors of the form (eAA′i, ψB
j ) ≡ qa.

■ Indices starting with a are ‘condensed’ super indices which
run through all bosonic and fermionic degrees of freedom.

■ In block form

Gsab ≡
(

B M1

M2 F

)

.

■ B and F correspond to the pure bosonic and pure fermionic
part, respectively;

■ M1 andM2 are the mixed off-diagonal parts.
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Semiclassical Expansion

■ Hamilton–Jacobi equation in condensed form

1

2
Gs
ab

δS0[e, ψ]

δqa

δS0[e, ψ]

δqb
+A(S0[e, ψ])− V = 0 ,
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Semiclassical Expansion

■ Hamilton–Jacobi equation in condensed form

1

2
Gs
ab

δS0[e, ψ]

δqa

δS0[e, ψ]

δqb
+A(S0[e, ψ])− V = 0 ,

■ Operator:

A ≡ i√
h
ǫijkeBC′

i eAC′l

(

3sDjψAk

) δ

δψB
l

.
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Semiclassical Expansion

■ SUSY spacetime :
■ In General Relativity, a solution is equivalent to Einstein

equations; For every three-geometry there is one member of
this family with a spacelike hypersurface being equal to this
three-geometry.
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■ The subsequently retrieved ‘background spacetime’ must

necessarily involve the gravitino...?!?
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Semiclassical Expansion

■ SUSY spacetime :
■ In General Relativity, a solution is equivalent to Einstein

equations; For every three-geometry there is one member of
this family with a spacelike hypersurface being equal to this
three-geometry.

■ But, an intriguing element: the presence of the gravitino
■ The subsequently retrieved ‘background spacetime’ must

necessarily involve the gravitino...?!?
■ Dealing with SuperRiem(Σ).
■ SUSY Hamilton – Jacobi equation induces a spacetime

background with both tetrad (graviton) and fermionic
(gravitino) terms; “Metric” being g = gB + gS
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Semiclassical Expansion

■ To order G0: The Schrödinger Equation
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Semiclassical Expansion

■ To order G0: The Schrödinger Equation
■

F =W [e, ψ] exp

(

i

~
S1[e, ψ,Φ]

)

,
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Semiclassical Expansion

■ To order G0: The Schrödinger Equation
■

F =W [e, ψ] exp

(

i

~
S1[e, ψ,Φ]

)

,

■ The presence of the gravitino is mandatory for the definition
of the time functional; Local (many-fingered) time parameter.
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Semiclassical Expansion

■ To order G0: The Schrödinger Equation
■

F =W [e, ψ] exp

(

i

~
S1[e, ψ,Φ]

)

,

■ The presence of the gravitino is mandatory for the definition
of the time functional; Local (many-fingered) time parameter.

■

i~Gab
δS0

δqa

δF
δqb

+ i~AF = i~
δF
δτ

= Hm
⊥F ,
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Semiclassical Expansion

■ To order G0: The Schrödinger Equation
■

F =W [e, ψ] exp

(

i

~
S1[e, ψ,Φ]

)

,

■ The presence of the gravitino is mandatory for the definition
of the time functional; Local (many-fingered) time parameter.

■

i~Gab
δS0

δqa

δF
δqb

+ i~AF = i~
δF
δτ

= Hm
⊥F ,

■ ... N = 1 SUGRA Corrections...
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For Research...
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Outlook yet again...

■ So,
1. How can the ‘hidden’ N = 2 SUSY be retrieved?
2. And what about when (super)matter includes a scalar

field or a Yang–Mills sector?

3. How precisely can we implement a FRW SQC
(minisuperspace) from N = 1 SUGRA?

4. How can scalar (super)matter be included?
5. Why is the case of Bianchi models with a cosmological

constant still an issue?

6. How does the DeWitt supermetric relates to the usual
DeWitt metric?

7. What are the main features of SUGRA (quantum)
corrections into the Schrödinger equation?

8. Can SQC become ‘observational’?
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